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This material is part of the basics-books project. It is also available as a .pdf document.
Contents.

Introduction to statistics

Different approaches to statistics and descriptive statistics

Probability theory

Inferential statistics

Inferential and Bayesian statistics

Introduction to Machine Learning: SL, UL, ML

Machine learning (ML) is a branch of artificial intelligence (AI) focused on designing systems that can learn from data
to improve their performance on a task. ML frameworks include supervised learning (e.g., regression and classification),
unsupervised learning (e.g., clustering, compression, principal component analysis), and reinforcement learning (e.g.,
planning and control). ML emphasizes practical problem-solving, grounded in statistical methods, numerical optimization,
and enabled by advances in computing hardware.
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CHAPTER

THREE

INTRODUCTION TO PROBABILITY THEORY

Probability theory is an axiomatic approach to probability, assigning

Stochastic variables

• Definition of stochastic variable
• Discrete and continuous stochastic variables

– Probability functions, moments (if they exists, see heavy-tailed distribution), and examples
• Multi-dimensional stochastic variables:

– joint, conditional, marginal probability
– Bayes’ theorem
– independence
– moments: covariance, correlation

• Generators…
• I.i.d. variables: law of large numbers, central limit theorem; convergence of statistics (reference to measure in the
definition of a sthocastic variable)

• Sampling
• Extra:

– heavy tails probability functions

Stochastic processes

• Definition of stochastic process
• Time-continuous/time-discrete
• Ergodicity and stationariety:

– moments, correlation,…
– analysis in time and Fourier domains of time-signals

• Applications:
– example of processes:

∗ white noise

11
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∗ Wiener process (Brownian motion): definition, application, relation with
∗ discrete-time Markov process (useful in RL, can be interpreted as a discretized continuous process)

– response of LTI to random input

Stochastic fields

3.1 Definition of stochastic variable

In this section, first a formal definition of a stochastic (or random) variable is provided and then discussed. While the
definition may initially appear abstract or esoteric, but their nothing more than an extension of set theory. Understanding
concepts such as probability space, 𝜎-algebra, measure, opens the path to a rigorous approach to probability theory.

Definition 3.1.1 (Random variable)
Given a probability space (Ω, ℱ, 𝜈) and a measurable space (𝐸, ℰ), a random variable is a measurable function,
𝑋 ∶ Ω → 𝐸.

Here, the setΩ is usually defined as the event set,ℱ is a 𝜎-algebra onΩ, 𝜈 is a probability measure; the set𝐸 is usually
defined as the set of possible outcomes, and ℰ is a 𝜎-algebra on it.
Ok, let’s explain now every concept appearing in the definition of a random variable.

Definition 3.1.2 (𝜎-algebra)
A 𝜎-algebra ℱ on a set Ω, a 𝜎-algebra is a family of subsets of Ω that satisfies some properties:

1. Ω is in the 𝜎-algebra
2. closure under complementation. Taking any subset of Ω that belongs to the 𝜎-algebra, its complent belongs to the

𝜎-algebra as well
3. closure under countable union. A countable (that can be indexed by integer numbers) union of elements in the

𝜎-algebra defines an element that belongs to the 𝜎-algebra

Definition 3.1.3 (Measurable space (Ω, ℱ))

Definition 3.1.4 (Probability measure 𝜈)

Definition 3.1.5 (Probability space (Ω, ℱ, 𝜈))
If (Ω, ℱ) is a measureble space and 𝜈 is a probability measure, then the triplet (Ω, ℱ, 𝜈) is a probability space.

Warning: Event space not coinciding with the power set of events
If event space Ω doesn’t coincide with the power set but it’s a subset of it, then it’s not guaranteed that such an event
space can be used to define a 𝜎-algebra.

12 Chapter 3. Introduction to probability theory
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3.2 Discrete stochastic variables

3.3 Continuous stochastic variables

3.3.1 Examples

Here some common examples of continuous random variables are introduced. Their functional dependence on the value
of the r.v. is quite easy to remember, while the normalization factor could look quite “esoteric”.

Normal distribution, 𝒩(𝜇, 𝜎2)

pdf is

𝑓(𝑥; 𝜇, 𝜎2) = 1√
2𝜋𝜎2 𝑒− (𝑥−𝜇)2

2𝜎2 ∝ 𝑒− (𝑥−𝜇)2
2𝜎2

Moment Value
Expected value 𝜇
Variance 𝜎2

Expected value, 𝜇; variance, 𝜎2.

Unitariety

∫
+∞

𝑥=−∞
𝑒− (𝑥−𝜇)2

2𝜎2 =
√

2𝜋𝜎2

todo integral ∫+∞
−∞ 𝑒−𝛼𝑥2𝑑𝑥

Expected value

𝔼 [𝑋] = ∫
+∞

𝑥=−∞
𝑥 1√

2𝜋𝜎2 𝑒− (𝑥−𝜇)2
2𝜎2

Variance

𝔼 [(𝑋 − 𝜇)2] = …

Chi-square, 𝜒2
𝑁

𝜒2
𝑁 ∶=

𝑁
∑
𝑛=1

𝑋2
𝑛

pdf is

𝑓(𝑥; 𝑛) = … ∝ 𝑥 𝑛
2 −1𝑒− 𝑥

2
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Student-𝑡 distribution, 𝑡𝜈

𝑡𝜈 = 𝑍

√𝐾
𝜈

,

with 𝑍 ∼ 𝒩(0, 1), and 𝐾 ∼ 𝜒2
𝜈 .

pdf is

𝑓(𝑥; 𝑛) = … ∝ (1 + 𝑥2

𝑛 )
− 𝑛+1

2

3.4 Multi-dimensional stochastic variables

• joint distribution

𝑝𝑋𝑌 (𝑥, 𝑦)

• marginal distribution. For continuous variables

𝑝𝑋(𝑥) ∶= ∫
𝑦

𝑝𝑋𝑌 (𝑥, 𝑦) 𝑑𝑦

while for discrete variables

𝑝𝑋(𝑥𝑖) = ∑
𝑗

𝑝𝑋𝑌 (𝑥𝑖, 𝑦𝑗)

• conditional distribution, 𝑝𝑋|𝑌 (𝑥|𝑦). The following holds

𝑝𝑋𝑌 = 𝑝𝑋|𝑌 𝑝𝑌 = 𝑝𝑌 |𝑋𝑝𝑋

For continuous r.v., integrating over 𝑥 the relation 𝑝(𝑥, 𝑦) = 𝑝(𝑥|𝑦)𝑝(𝑦)

∫
𝑥

𝑝(𝑥, 𝑦)𝑑𝑥 = ∫
𝑥

𝑝(𝑥|𝑦) 𝑝(𝑦) 𝑑𝑥 = 𝑝(𝑦) ∫
𝑥

𝑝(𝑥|𝑦) 𝑑𝑥
⏟⏟⏟⏟⏟

=1

= 𝑝(𝑦) ,

as the normalization condition holds for conditional distribution 𝑝(𝑥|𝑦).

Property 3.4.1

𝑝(𝑖, 𝑗) = 𝑝(𝑖|𝑗)𝑝(𝑗)

∑
𝑖

𝑝(𝑖, 𝑗) = ∑
𝑖

𝑝(𝑖|𝑗)
⏟⏟⏟⏟⏟

=1

𝑝(𝑗) = 𝑝(𝑗)

14 Chapter 3. Introduction to probability theory
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3.4.1 Moments

• expected value

𝜇X ∶= 𝔼 [X] = ∫
x

𝑝(x) x 𝑑x

• covariance

𝜎2
X ∶= 𝔼 [ΔXΔX𝑇 ] = ∫

x
𝑝(x) ΔxΔx𝑇 𝑑x ,

with ΔX ∶= X − 𝜇X, and Δx = x − 𝜇X.
Taking a pair of components 𝑋𝑖, 𝑋𝑗 of the random vector X, their covariance is the 𝑖𝑗 component of the array 𝜎2,

𝜎2
𝑖𝑗 ∶= 𝔼 [Δ𝑋𝑖 Δ𝑋𝑗] =∶ 𝜌𝑖𝑗𝜎𝑖𝜎𝑗 ,

having introduced (Pearson) correlation, 𝜌𝑖𝑗, between random variable 𝑋𝑖 and 𝑋𝑗, and being 𝜎𝑖 the standard
deviation of variable 𝑋𝑖, square root of its variance 𝜎2

𝑖 ,

𝜎2
𝑖 = 𝔼 [(𝑋𝑖 − 𝜇𝑖)

2] =

= ∫
x
(𝑥𝑖 − 𝜇𝑖)2𝑝X(x)𝑑x =

= ∫
𝑥𝑖

(𝑥𝑖 − 𝜇𝑖)2𝑝𝑖(𝑥𝑖) 𝑑𝑥𝑖

Here the integrals read

𝜇𝑖 = ∫
x

𝑥𝑖 𝑝X(x)𝑥𝑖 𝑑x =

= ∫
x

𝑥𝑖 𝑝(𝑥1, 𝑥2, … , 𝑥𝑖, … , 𝑥𝑛)𝑑𝑥1𝑑𝑥2 … 𝑑𝑥𝑖 … 𝑑𝑥𝑛 =

= ∫
x

𝑥𝑖 𝑝(𝑥𝑖)𝑝(𝑥1, 𝑥2, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑛|𝑥𝑖)𝑑𝑥1𝑑𝑥2 … 𝑑𝑥𝑖 … 𝑑𝑥𝑛 =

= ∫
𝑥𝑖

𝑥𝑖 𝑝(𝑥𝑖) ∫
𝑥1

… ∫
𝑥𝑛

𝑝(𝑥1, 𝑥2, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑛|𝑥𝑖)𝑑𝑥1 … 𝑑𝑥𝑖−1𝑑𝑥𝑖+1 … 𝑑𝑥𝑛
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=1 ∀𝑥𝑖

𝑑𝑥𝑖 =

= ∫
𝑥𝑖

𝑥𝑖 𝑝(𝑥𝑖) 𝑑𝑥𝑖 .

Property of correlation. |𝜌𝑋𝑌 | ≤ 1. Proof with Cauchy-Schwartz inequality todo

Notation
Here, covariance is indicated as 𝜎2. This is not a power 2, but just a symbol, at most recalling that covariance matrix is
semi-definite positive.

Properties of covariance.
• symmetric
• semi-definite positive
• spectrum…

3.4. Multi-dimensional stochastic variables 15
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3.4.2 Bayes’ theorem

Theorem 3.4.1 (Bayes’ theorem)
Where 𝑝𝑌 (𝑦) ≠ 0,

𝑝𝑋|𝑌 (𝑥|𝑦) = 𝑝𝑋𝑌 (𝑥, 𝑦)
𝑝𝑌 (𝑦)

3.4.3 Statistical independence

Definition 3.4.1 (Independent random variables)
Given two random variables 𝑋, 𝑌 with joint distribution, the random variable 𝑋 is independent from 𝑌 if its conditional
probability equals its marginal probability,

𝑝𝑋|𝑌 = 𝑝𝑋 ,

i.e. the probability of 𝑋 doesn’t depend on 𝑌 .

Independence implies no correlation

Given two random variables 𝑋, 𝑌 are independent if 𝑝(𝑥|𝑦) = 𝑝(𝑥) and thus 𝑝(𝑥, 𝑦) = 𝑝(𝑥)𝑝(𝑦). Covariance of two
random variable reads

𝜎2
𝑥𝑦 = 𝔼 [(𝑋 − 𝜇𝑋)(𝑌 − 𝜇𝑌 )] ,

and if they’re independent, it immediately follows that their covariance 𝜎2
𝑋𝑌 is zero (and so their correlation 𝜌𝑋𝑌 )

𝜎2
𝑥𝑦 = 𝔼 [𝑋 − 𝜇𝑋]⏟⏟⏟⏟⏟

=0
𝔼 [𝑌 − 𝜇𝑌 ]⏟⏟⏟⏟⏟

=0
= 0 ,

as the expected value of the deviation from the expected value is zero, 𝔼 [𝑋 − 𝔼[𝑋]] = 0.

Proof for continuous r.v.

𝜎2
𝑥𝑦 = 𝔼 [(𝑋 − 𝜇𝑋)(𝑌 − 𝜇𝑌 )] =

= ∫
𝑥,𝑦

(𝑥 − 𝜇𝑋)(𝑦 − 𝜇𝑌 )𝑝(𝑥, 𝑦) 𝑑𝑥𝑑𝑦 = (1)

= ∫
𝑥,𝑦

(𝑥 − 𝜇𝑋)(𝑦 − 𝜇𝑌 )𝑝(𝑥)𝑝(𝑦) 𝑑𝑥𝑑𝑦 =

= ∫
𝑥
(𝑥 − 𝜇𝑋)𝑝(𝑥)𝑑𝑥 ∫

𝑦
(𝑦 − 𝜇𝑌 )𝑝(𝑦)𝑑𝑦 = (2)

having used here the common notation abuse 𝑝𝑋(𝑥) = 𝑝(𝑥) and (1) statistical independence, 𝑝(𝑥, 𝑦) = 𝑝(𝑥)𝑝(𝑦), and
(2) 𝔼 [𝑋 − 𝔼[𝑋]] = 0.

16 Chapter 3. Introduction to probability theory
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Proof for discrete r.v.

Repeat the proof for continuous r.v. using summations instead of integrals.

3.5 Transformations of probability functions

3.6 Characteristic functions

Characteristic function of a random variable 𝑋 is defined as

𝜑𝑋(𝑡) ∶= 𝔼 [𝑒𝑖𝑡𝑋] .

Characteristic function of a continuous random variable with proabibility density function 𝑓(𝑥) thus reads

𝜑𝑋(𝑡) ∶= 𝔼 [𝑒𝑖𝑡𝑋] = ∫
𝑥∈𝐷𝑥

𝑓(𝑥)𝑒𝑖𝑡𝑥 𝑑𝑥 ,

i.e. its the Fourier transform of its pdf.

Example 3.6.1 (Characteristic function of a multi-dimensional variable)

𝑍(Y)

𝜑𝑍(Y) ∶= 𝔼 [𝑒𝑖𝑡𝑍(Y)] = ∫
y
𝑒𝑖𝑡𝑍(y)𝑓(y) 𝑑y

Example 3.6.2 (Characteristic function of a linear combination of independent variables)

𝑍(Y) = 𝑎1𝑌1 + … 𝑎𝑛𝑌𝑛 ,

with

𝑓(y) = 𝑓(𝑦1, … , 𝑦𝑛) = 𝑓1(𝑦1) … 𝑓𝑛(𝑦𝑛) .

𝜑𝑍(Y) ∶= 𝔼 [𝑒𝑖𝑡𝑍(Y)] =

= ∫
y
𝑒𝑖𝑡(∑𝑘 𝑎𝑘𝑦𝑘)𝑓(y) 𝑑y =

= ∫
𝑦1

𝑒𝑖𝑡𝑎1𝑦1𝑓1(𝑦1) 𝑑𝑦1 … ∫
𝑦𝑛

𝑒𝑖𝑡𝑎𝑛𝑦𝑛𝑓𝑛(𝑦𝑛) 𝑑𝑦𝑛 =

= 𝜑𝑌1
(𝑎1𝑡) … 𝜑𝑌𝑛

(𝑎𝑛𝑡) .

Example 3.6.3 (Taylor expansion of characteristic function)

3.5. Transformations of probability functions 17
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For “small” values of 𝑡, an approximation of the characteristic function is provided by Taylor expansion around 𝑡 = 0,

∫ 𝑒𝑖𝑦𝑡𝑓(𝑦) 𝑑𝑦 = ∫ [1 + 𝑖𝑦𝑡 − 1
2(𝑦𝑡)2 + 𝑜(𝑡2)] 𝑓(𝑦)𝑑𝑦 = (1)

= 1 + 𝑖𝜇𝑡 − 1
2𝑡2 (𝜎2 + 𝜇2) + 𝑜(𝑡2)

as (1) 𝜎2 = 𝔼[(𝑦 − 𝜇)2] = 𝔼[𝑦2] − 𝜇2

Example 3.6.4 (Characteristic function of a normal distribution 𝒩(0, 1))

𝑓(𝑥) = 1√
2𝜋 exp(−𝑥2

2 )

∫
+∞

𝑥=−∞
𝑒𝑖𝑥𝑡𝑓(𝑥) 𝑑𝑥 = 1√

2𝜋 ∫
+∞

𝑥=−∞
𝑒𝑖𝑥𝑡− 𝑥2

2 𝑑𝑥 = (1)

= 1√
2𝜋 ∫

+∞

𝑥=−∞
𝑒− (𝑥−𝑖𝑡)2

2 𝑑𝑥 𝑒− 𝑡2
2 = (2)

= 1√
2𝜋

√
2𝜋 𝑒− 𝑡2

2 = 𝑒− 𝑡2
2

having (1) completed the square (𝑥 − 𝑖𝑡)2 = 𝑥2 − 𝑖2𝑥𝑡 − 𝑡2, and evaluated the integral todo (it’s similar to the standard
result ∫+∞

−∞ 𝑒𝑥2 𝑑𝑥 =
√

2𝜋, but with complex variable. Link to math material, complex calculus).

3.7 Convergence in statistics

3.7.1 Convergence in distribution - weak convergence

A sequence of 𝑋𝑖 of real-valued random variables, cumulative distribution functions 𝐹𝑖, converges in distribution to a
random variable 𝑋 with cumulative distribution 𝐹 is

lim
𝑛→+∞

𝐹𝑛(𝑥) = 𝐹(𝑥) ,

for ∀𝑥 ∈ ℝ where 𝐹(𝑥) is continuous.
For multi-valued random variables, the condition reads

lim
𝑛→+∞

𝑃(𝑋𝑛 ∈ 𝐴) = 𝑃(𝑋 ∈ 𝐴) ,

for every 𝐴 ⊂ ℝ𝑛 …todo

3.7.2 Convergence in probability

lim
𝑛→+∞

𝑃 (|𝑋𝑛 − 𝑋| > 𝜀) = 0

18 Chapter 3. Introduction to probability theory
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Warning: Convergence in probability and convergence in distribution
Convergence in probability → convergence in distribution, but not viceversa.
Example taken from wikipedia

3.7.3 Almost sure convergence - strong convergence

𝑃 ( lim
𝑛→+∞

𝑋𝑛 = 𝑋) = 1

i.e. events for which 𝑋𝑛 doesn’t converge to 𝑋 has probability 0,

𝑃 (𝜔 ∈ Ω ∶ lim
𝑛→+∞

𝑋𝑛(𝜔) = 𝑋(𝜔)) = 1

3.7.4 Sure convergence - pointwise convergence

{𝜔 ∈ Ω ∶ lim
𝑛→+∞

𝑋𝑛(𝜔) = 𝑋(𝜔)} = Ω .

The same definition of almost sure convergence, without allowing the existance of sets with zero probability where con-
vergence is not satisfied. Thus, it’s likely there is no point in using sure converence instead of almost sure convergence in
proability theory.

3.7.5 Convergence in absolute moments: mean,…

lim
𝑛→+∞

𝔼 (|𝑋𝑛 − 𝑋|𝑟) = 0

3.8 Independent identically distributed random variables

Definition 3.8.1 (Independent identically distributed (iid) random variables)

3.8.1 Law of the large numbers

Weak form

todo

3.8. Independent identically distributed random variables 19
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Strong form

todo

3.8.2 Central Limit Theorem

Theorem 3.8.1 (CLT)
Let {𝑋𝑘}𝑘=1∶𝑛 a sequence of iid random variables with average value 𝔼[𝑋𝑘] = 𝜇 and finite1 variance 𝔼[(𝑋𝑘 − 𝜇)2] =
𝜎2 < ∞, then the sample average

𝑋𝑛 ∶= 1
𝑛

𝑛
∑
𝑘=1

𝑋𝑘 ,

converges in distribution - or weakly converges - to the normal distribution 𝒩 (𝜇, 𝜎2
𝑛 ),

𝑋𝑛 →𝑑 𝒩 (𝜇, 𝜎2

𝑛 ) .

Proof of CLT

Let {𝑋𝑘}𝑘=1∶𝑛 the sequence of iid random variables. Thus, ∑𝑛
𝑘=1 𝑋𝑘 has expected value 𝑛𝜇 and variance 𝑛𝜎2. Let

𝑍𝑛 ∶= ∑𝑛
𝑘=1 𝑋𝑘 − 𝑛𝜇√

𝑛𝜎2 =
𝑛

∑
𝑘=1

𝑋𝑘 − 𝜇√
𝑛𝜎2 =∶

𝑛
∑
𝑘=1

𝑌𝑘√𝑛 .

Expeceted value and variance of variables 𝑌𝑘 are respectively 𝔼[𝑌𝑘] = 0 and 𝔼[𝑌 2
𝑘 ] = 1. The characteristic function of

𝑍𝑛, see Example 3.6.2 for the linear combination of independent variables, reads

𝜑𝑍𝑛
(𝑡) = 𝜑𝑌1

( 𝑡√𝑛) … 𝜑𝑌𝑛
( 𝑡√𝑛) = (1)

= [𝜑𝑌1
( 𝑡√𝑛)]

𝑛
,

as (1) the variables are not only independent but identically distributed: as they have the same pdf, they also have the
same characteristic function. Expanding in Taylor series, see example Example 3.6.3 for 𝑡√𝑛 → 0, the approximation of
the characteristic function reads (remembering that 𝑌𝑛 have zero expected value and unit variance),

𝜑𝑌1
( 𝑡√𝑛) ∼ 1 − 𝑡2

2𝑛 ,

while

𝜑𝑍𝑛
(𝑡) = [𝜑𝑌1

( 𝑡√𝑛)]
𝑛

∼ [1 − 𝑡2

2𝑛]
𝑛

∼ 𝑒− 𝑡2
2 ,

i.e. it converges to the characteristic function of a normal distribution 𝒩(0, 1), see Example 3.6.4.
Levy’s continuity theorem completes the proof. todo

1 Does the CLT hold for heavy-tailed distributions?
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3.9 Heavy-tailed distributions

• Does the CLT hold for heavy-tailed distributions?

3.9.1 References

• Clauset, Aaron and Woodard, Ryan, “Estimating the historical and future probabilities of large terrorist events.”
Annals of Applied Statistics 7(4), 1838-1865 (2013).

3.9. Heavy-tailed distributions 21
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CHAPTER

FOUR

STOCHASTIC PROCESSES

Definition of stochastic process.
Examples.

• White noise, 𝜉(𝑡), is a zero-mean process with no correlation between its values at different times

𝔼 [𝜉(𝑡) 𝜉(𝑠)] = 𝛿(𝑡 − 𝑠)

• Wiener process (Brownian motion), 𝑊(𝑡)

𝑊(0) = 0
𝑊(𝑡) has independent increments
𝑊(𝑡) − 𝑊(𝑠) ∼ 𝑁(0, 𝑡 − 𝑠) for 𝑡 > 𝑠
𝑊(𝑡) are continuous but nowhere differentiable

Informal relation between Wiener process and white noise signal

𝑊(𝑡) − 𝑊(𝑠) = ∫
𝑡

𝑠
𝜉(𝜏) 𝑑𝜏

″ 𝑑𝑊(𝑡)
𝑑𝑡 = 𝜉(𝑡)‶

where the derivative relation doesn’t hold in the classical sense, as 𝑊(𝑡) is nowhere differentiable
• time-discrete Markov processes

Applications
• LTI
• Stochastic differential equations…

𝑑𝑋(𝑡) = 𝜇(𝑡) 𝑑𝑡 + 𝜎(𝑡) 𝑑𝑊(𝑡)

Assumptions.
• Stationariety
• Ergodicity

𝑘𝑥𝑦(𝜏) ∶= 𝔼[𝑥(𝑡)𝑦(𝑡 − 𝜏)] = lim
𝑇 →+∞

{ 1
2𝑇 ∫

𝑇

𝑡=−𝑇
𝑥(𝑡) 𝑦(𝑡 − 𝜏) 𝑑𝑡}

23
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4.1 Wiener process - Brownian motion

• Introduction: history and relation with other problems (diffusion?)
• Definition and some theory
• Simulation of Wiener process, demonstration of properties shown in theory section

4.1.1 Definition

Definition 4.1.1 (Wiener process - Brownian motion)
AWiener process is a random process 𝑊(𝑡) with

1. initial condition, almost surely

𝑊(0) = 0
2. increments with zero-mean normal distribution

𝑊(𝑡) − 𝑊(𝑠) ∼ 𝒩(0, |𝑡 − 𝑠|)
3. 𝑊 has independent increments: 𝑊(𝑡) − 𝑊(𝑡 + 𝑢) is independent from 𝑊𝑠, 𝑠 < 𝑡
4. in 𝑊(𝑡) is almost surely continuous in 𝑡

Almost sure convergence in statistics
“Almost surely” here means almost sure converngece and it is explained in the section dealing with convergence in statistics,
and used below to prove some properties of a Wiener process.

4.1.2 Properties

Property 4.1.1 (Covariance of increments)
Covariance of an increment follows the definition of Wiener process and the definition of normal distribution,

𝔼 [(𝑊(𝑡) − 𝑊(𝑠))2] = 𝔼 [𝒩(0, |𝑡 − 𝑠|)] = |𝑡 − 𝑠| . (4.1)

Covariance of independent increments - on non-overlapping ranges - is zero, as independence implies no correlation, i.e.
zero covariance. Thus, if 𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑑,𝑊(𝑏)−𝑊(𝑎) and𝑊(𝑑)−𝑊(𝑐) are independent by property (3) inDefinition
4.1.1 of Wiener process, and thus their covariance - and correlation - is zero,

𝔼 [(𝑊(𝑏) − 𝑊(𝑎))(𝑊(𝑑) − 𝑊(𝑐))] = 0 (4.2)

Covariance of two generic increments reads

𝔼 [(𝑊(𝑡1) − 𝑊(𝑠1)) (𝑊(𝑡2) − 𝑊(𝑠2))] = ∣[𝑠1, 𝑡1] ∩ [𝑠2, 𝑡2]∣ (4.3)

as it’s proved below.

24 Chapter 4. Stochastic processes
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Proof of the covariance of two generic increments

If 𝑠1 ≤ 𝑠2 ≤ 𝑡2 ≤ 𝑡1,

𝔼 [(𝑊(𝑡1) − 𝑊(𝑠1)) (𝑊(𝑡2) − 𝑊(𝑠2))] =
= 𝔼 [(𝑊(𝑡1) − 𝑊(𝑡2) + 𝑊(𝑡2) − 𝑊(𝑠2) + 𝑊(𝑠2) − 𝑊(𝑠1)) (𝑊(𝑡2) − 𝑊(𝑠2))] =
= 𝔼 [(𝑊(𝑡1) − 𝑊(𝑡2)) (𝑊(𝑡2) − 𝑊(𝑠2))]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=0
+ 𝔼 [(𝑊(𝑡2) − 𝑊(𝑠2)) (𝑊(𝑡2) − 𝑊(𝑠2))]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=|𝑡2−𝑠2|
+

+ 𝔼 [(𝑊(𝑠2) − 𝑊(𝑠1)) (𝑊(𝑡2) − 𝑊(𝑠2))]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=0

=

= 0 + |𝑡2 − 𝑠2| + 0 = ∣[𝑠1, 𝑡1] ∩ [𝑠2, 𝑡2]∣ .
Similarly, if 𝑠1 ≤ 𝑠2 ≤ 𝑡1 ≤ 𝑡2,

𝔼 [(𝑊(𝑡1) − 𝑊(𝑠1)) (𝑊(𝑡2) − 𝑊(𝑠2))] =
= 𝔼 [(𝑊(𝑡1) − 𝑊(𝑠2) + 𝑊(𝑠2) − 𝑊(𝑠1)) (𝑊(𝑡2) − 𝑊(𝑡1) + 𝑊(𝑡1) − 𝑊(𝑠2))] =
= 𝔼 [(𝑊(𝑡1) − 𝑊(𝑠2)) (𝑊(𝑡2) − 𝑊(𝑡1))]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=0
+ 𝔼 [(𝑊(𝑡1) − 𝑊(𝑠2)) (𝑊(𝑡1) − 𝑊(𝑠2))]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

=|𝑡1−𝑠2|
+

+ 𝔼 [(𝑊(𝑠2) − 𝑊(𝑠1)) (𝑊(𝑡2) − 𝑊(𝑡1))]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=0

+ 𝔼 [(𝑊(𝑠2) − 𝑊(𝑠1)) (𝑊(𝑡1) − 𝑊(𝑠2))]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=0

=

= 0 + |𝑡1 − 𝑠2| + 0 = ∣[𝑠1, 𝑡1] ∩ [𝑠2, 𝑡2]∣ .
All the other situations can be proved in the same way.

Property 4.1.2 (Statistics of maximum)
For 𝑎 ≥ 0,

𝑃 (𝑀(𝑡) ≥ 𝑎) = 2𝑃 (𝑊(𝑡) ≥ 𝑎) = 2 − 2 𝜙 ( 𝑎√
𝑡) ,

with
𝑀(𝑡) = max

0≤𝜏≤𝑡
𝑊(𝜏)

and

𝜙(𝑥) = ∫
𝑥

𝑦=−∞
𝑝𝒩(0,1)(𝑥) 𝑑𝑥

is the cumulative probability function of a normal distribution 𝒩(0, 1).

Proof.

The second inequality immediately follows from the very definition of Wiener process with initial conditions 𝑊(0),
𝑃 (𝑊(𝑡) − 𝑊(0) ≥ 𝑎) = 𝑃 (𝒩(0, 𝑡) ≥ 𝑎) = (1)

= 𝑃 (𝒩 (0, 1) > 𝑎√
𝑡) =

= ∫
+∞

𝑥= 𝑎√
𝑡

𝑝(𝑦) 𝑑𝑦 = (2)

= 1 − ∫
𝑎√
𝑡

𝑥=−∞
𝑝(𝑦) 𝑑𝑦 = 1 − 𝜙 ( 𝑎√

𝑡)

4.1. Wiener process - Brownian motion 25
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having used (1) scaling rule for transformation of probability functions… todo, and (2) the normalization condition of
the probability density 1 = ∫+∞

𝑥=−∞ 𝑝(𝑥) 𝑑𝑥, and the definition of cumulative probability function.
First inequality. In order to prove the first inequality, it could be useful to introduce the definition of stepping time, 𝜏𝑎,
as the random variable defined as

𝜏𝑎 = min
𝑠

{𝑠 ∶ 𝑊(𝑠) = 𝑎} .

Using reflection principle, it follows

𝑃 (𝑀(𝑡) ≥ 𝑎) = (1)
= 𝑃(𝑀(𝑡) ≥ 𝑎, 𝑊(𝑡) ≥ 𝑎) + 𝑃(𝑀(𝑡) ≥ 𝑎, 𝑊(𝑡) < 𝑎) = (2)
= 𝑃(𝑊(𝑡) ≥ 𝑎) + 𝑃(𝑀(𝑡) ≥ 𝑎, 𝑊(𝑡) − 𝑊(𝜏𝑎) < 0) = (3)
= 𝑃(𝑊(𝑡) ≥ 𝑎) + 𝑃(𝑀(𝑡) ≥ 𝑎, 𝑊 ′(𝑡 − 𝜏𝑎) < 0) = (4)
= 𝑃(𝑊(𝑡) ≥ 𝑎) + 𝑃(𝑀(𝑡) ≥ 𝑎)𝑃(𝑊 ′(𝑡 − 𝜏𝑎) < 0) = (5)

= 𝑃(𝑊(𝑡) ≥ 𝑎) + 1
2𝑃(𝑀(𝑡) ≥ 𝑎) .

haing (1) used “marginalization” to write 𝑃(𝐴) = 𝑃(𝐴, 𝐵) + 𝑃(𝐴, 𝐵), (2) recognized that if 𝐵 ∶ 𝑊(𝑡) ≥ 𝑎 then
𝐴 ∶ 𝑀(𝑡) ≥ 𝑎 or 𝐵 ⊆ 𝐴, and thus 𝑃(𝐴, 𝐵) = 𝑃(𝐵), and that 𝑎 = 𝑊(𝜏𝑎), (3) defined the Wiener process
𝑊 ′(𝑡 − 𝜏𝑎) ∶= 𝑊(𝑡) − 𝑊(𝜏𝑎), independent from 𝑊(𝑠), 0 ≤ 𝑠 ≤ 𝜏𝑎, (4) exploited the independence of the two
conditions (todo bemore explicit, proof needed?), (5) and the symmetry ofWiener process to get𝑃(𝑊 ′(𝑡−𝜏𝑎) < 0) = 1

2 .
Thus, it follows the requied relation

𝑃(𝑀(𝑡) ≥ 𝑎) = 2𝑃(𝑊(𝑡) ≥ 𝑎) .

Property 4.1.3 (𝑊(𝑡) is almost surely not differentiable)
For all time 𝑡, a Wiener process is almost surely not differentiable, i.e. …todo

Proof.

todo check details

Wiener process is differentiable in 𝑡 if the limit

lim
ℎ→0

𝑊(𝑡 + ℎ) − 𝑊(𝑡)
ℎ = ℓ

exists finite. Definition of limit reads,

∀𝜀 > 0 ∃𝑈0,𝛿 s.t. ∣ 𝑊(𝑡 + ℎ) − 𝑊(𝑡)
ℎ − ℓ ∣ < 𝜀 ∀ℎ ∈ 𝑈0,𝛿\{0}

todo how to go from this definition to the following one?

Let 𝐸𝜀,𝐴,𝑡0
be the event s.t. for a given 𝑡0, 𝑊(𝑡) is differentiable in 𝑡0, i.e. ∃ 𝐴, 𝜀0 const. s.t. ∀𝜀 s.t. 0 < 𝜀 < 𝜀0,

𝑊(𝑡) − 𝑊(𝑡0) ≤ 𝐴𝜀 holds for ∀𝜀, 0 < 𝑡 − 𝑡0 ≤ 𝜀.

26 Chapter 4. Stochastic processes
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Let 𝐸𝐴,𝑡0
= ∩𝜀𝐸𝜀,𝐴,𝑡0

. Then

𝑃 (𝐸𝜀,𝐴,𝑡0
) = 𝑃 (|𝑊(𝑡) − 𝑊(𝑡0)| ≤ 𝐴𝜀 for ∀𝑡 − 𝑡0 s.t. 0 < 𝑡 − 𝑡0 ≤ 𝜀) = (1)

= 𝑃 (𝑀(𝑡 − 𝑡0)| ≤ 𝐴𝜀) = (2)
= 1 − 𝑃 (𝑀(𝑡 − 𝑡0)| ≥ 𝐴𝜀) = (3)

= 1 − [2 − 2𝜙 ( 𝐴𝜀√
Δ𝑡

)] =

= −1 + 2𝜙 ( 𝐴𝜀√
Δ𝑡

) ,

having used (1)…, (2)…, (3)…
Now, being 𝜀 ≤ Δ𝑡, it follows that 𝜀√

Δ𝑡 ≤
√

Δ𝑡. As 𝜀 → 0, then 𝜀√
Δ𝑡 → 0, and 𝜙 ( 𝐴𝜀√

Δ𝑡 ) → 1
2 , and 𝑃(𝐸𝜀,𝐴,𝑡0

) → 0

4.2 White noise

Definition 4.2.1 (White noise - properties)
A white noise is a random process with

• zero expected value

𝔼[𝜉(𝑡)] = 0

• Dirac delta correlation

𝔼[𝜉(𝑡)𝜉(𝑠)] = 𝛿(𝑡 − 𝑠)

todo link to math:functional-analysis:distributions

Definition 4.2.2 (White noise - time derivative of Wiener process 𝑊(𝑡) in the sense of distributions)

4.3 Stochastic calculus

4.3.1 Ito’s lemma

It allows to find the differential of a time-dependent function of a stochastic process. Let 𝑓(𝑡, 𝑥) be a twice-differentiable
scalar function. Its Taylor series gives

Δ𝑓 = 𝜕𝑓
𝜕𝑡 Δ𝑡 + 𝜕𝑓

𝜕𝑥Δ𝑥 + 1
2

𝜕2𝑓
𝜕𝑡2 Δ𝑡2 + 𝜕2𝑓

𝜕𝑡𝜕𝑥Δ𝑡 Δ𝑥 + 1
2

𝜕2𝑓
𝜕𝑥2 Δ𝑥2

If the argument 𝑥 of the function 𝑓 is chosen to be a random process 𝑋𝑡 satisfying Ito drift-diffusion process,

𝑑𝑋𝑡 = 𝜇𝑡 𝑑𝑡 + 𝜎𝑡 𝑑𝑊𝑡 ,

4.2. White noise 27
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the differential of function 𝑓(𝑡, 𝑋𝑡) results from the limit of Taylor series

𝑑𝑓 = lim
𝑑𝑡→0,𝑑𝑊𝑡→0

{Δ𝑓} =

= lim
𝑑𝑡→0,𝑑𝑊𝑡→0

{𝜕𝑡𝑓𝑑𝑡 + 𝜕𝑥𝑓𝑑𝑋𝑡 + 1
2 [𝜕𝑡𝑡𝑓 𝑑𝑡2 + 2𝜕𝑥𝑡 𝑑𝑡𝑑𝑋𝑡 + 𝜕𝑥𝑥𝑓𝑑𝑋2

𝑡 ]} =

= lim
𝑑𝑡→0,𝑑𝑊𝑡→0

{𝜕𝑡𝑓𝑑𝑡 + 𝜕𝑥𝑓 (𝜇𝑡𝑑𝑡 + 𝜎𝑡𝑑𝑊𝑡) + 1
2 [𝜕𝑡𝑡𝑓 𝑑𝑡2 + 2𝜕𝑥𝑡 𝑑𝑡 (𝜇𝑡𝑑𝑡 + 𝜎𝑡𝑑𝑊𝑡) + 𝜕𝑥𝑥𝑓 (𝜇𝑡𝑑𝑡 + 𝜎𝑡𝑑𝑊𝑡)

2]} =

For 𝑑𝑡 → 0, (𝑑𝑊𝑡)
2 = 𝑂(𝑑𝑡); keeping only terms of order lower than or equal to 𝑂(𝑑𝑡), the differential becomes,

𝑑𝑓 = (𝜕𝑡𝑓 + 𝜇𝑡𝜕𝑥𝑓) 𝑑𝑡 + 𝜎𝑡𝜕𝑥𝑓 𝑑𝑊𝑡 + 𝜎2
𝑡

2 𝜕𝑥𝑥𝑓 𝑑𝑊 2
𝑡 .

Replacing 𝑑𝑊 2
𝑡 with 𝑑𝑡 todo why?, and recalling the SDE of the Ito drift-diffusion process,

𝑑𝑓 = (𝜕𝑡𝑓 + 𝜇𝑡𝜕𝑥𝑓 + 𝜎2
𝑡

2 𝜕𝑥𝑥𝑓) 𝑑𝑡 + 𝜎𝑡𝜕𝑥𝑓 𝑑𝑊𝑡 =

= (𝜕𝑡𝑓 + 𝜎2
𝑡

2 𝜕𝑥𝑥𝑓) 𝑑𝑡 + 𝜕𝑥𝑓 (𝜇 𝑑𝑡 + 𝜎𝑡 𝑑𝑊𝑡) =

= (𝜕𝑡𝑓 + 𝜎2
𝑡

2 𝜕𝑥𝑥𝑓) 𝑑𝑡 + 𝜕𝑥𝑓 𝑑𝑋𝑡 .

4.3.2 Ito’s calculus

Integegration w.r.t. Browinan motion produces a random variable that can be defined as

∫
𝑡

0
𝐹 𝑑𝑊 ∶= lim

𝑛→+∞
∑

[𝑡𝑖−1,𝑡𝑖]∈𝜋𝑛

𝐹𝑡𝑖−1
(𝑊𝑡𝑖

− 𝑊𝑡𝑖−1
) ,

being 𝜋𝑛 a partition of interval [0, 𝑡], and 𝐻 a random proces todo with some characteristics…

Example 4.3.1 (Integral of a Brownian motion w.r.t. itself)

𝑌 (𝑡) = ∫
𝑡

𝑠=0
𝑊𝑠 𝑑𝑊𝑠 = 1

2𝑊 2
𝑡 − 𝑡

2 .

The expected value for each 𝑡 of the random process 𝑌𝑡 is zero for all 𝑡, 𝔼 [𝑊 2
𝑡 ] = 0, as the expected value of 𝑊 2

𝑡 is the
variance of 𝑊𝑡, and thus 𝑡 by definition of the Wiener process.

Evaluation of the integral

Let 𝑓(𝑡, 𝑥) = 𝑥2. Let’s find the differential 𝑑𝑓 evaluated for 𝑥 = 𝑊𝑡 using Ito’s lemma, retaining only terms with order
up to 𝑂(𝑑𝑡). Since 𝜕𝑡𝑓 ≡ 0,

𝑑𝑓 = 𝜕𝑥𝑓|𝑥=𝑊𝑡
𝑑𝑊𝑡 + 1

2𝜕𝑥𝑥𝑓|𝑥=𝑊𝑡
𝑑𝑊 2

𝑡

and thus, replacing 𝑑𝑊 2
𝑡 = 𝑑𝑡,

𝑑𝑊 2
𝑡 = 2𝑊𝑡 𝑑𝑊𝑡 + 𝑑𝑡 .
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or

𝑊𝑡 𝑑𝑊𝑡 = 𝑑 (𝑊 2
𝑡

2 ) − 𝑑𝑡
2 .

Thus (todo add details if needed. A bit too much freedom in using differentials over stochastic processes here),

𝑌 (𝑡) = ∫
𝑡

𝑠=0
𝑊𝑠 𝑑𝑊𝑠 𝑑𝑠 =

= ∫
𝑡

𝑠=0
(𝑊𝑠

2 ) 𝑑𝑠 − ∫
𝑡

𝑠=0

1
2 𝑑𝑠 =

= 1
2 (𝑊 2

𝑡 − 𝑊 2
0 ) − 𝑡

2 .

4.3.3 Ito processes

Ito drift-diffusion process

An Ito drift-diffusion process is a stochastic process satisfying the stochastic differential equation (SDE)

𝑑𝑋𝑡 = 𝜇𝑡 𝑑𝑡 + 𝜎𝑡 𝑑𝑊𝑡 , (4.4)

with 𝑊𝑡 a Wiener process. If 𝜇𝑡 = 𝜇, 𝜎𝑡 = 𝜎 are constant a closed-form solution can be found using Ito’s lemma, for
𝑓(𝑡, 𝑥) = 𝑥, or by direct (stochastic) integration of the SDE (4.4), as

∫
𝑡

𝑠=0
𝑑𝑋𝑠 = ∫

𝑡

𝑠=0
𝜇 𝑑𝑠 + ∫

𝑡

𝑠=0
𝜎 𝑑𝑊𝑠

𝑋𝑡 − 𝑋0 = 𝜇𝑡 + 𝜎 (𝑊𝑡 − 𝑊0) ,
so that 𝑋𝑡 − 𝑋0 ∼ 𝒩 (𝜇𝑡, 𝜎2𝑡).

Scaling of a Wiener process
Term 𝜎𝑊𝑡 represents a scaling of aWiener process𝑊𝑡 ∼ 𝒩(0, 𝑡)with zero expected value and variance 𝑡. Multiplication
by factor 𝜎 results in a multiplication of the expected value by 𝜎 and variance by 𝜎2.

Geometric Brownian Motion, GBM

A geometric Brownian motion is a stochastic process satisfying the SDE

𝑑𝑋𝑡 = 𝜇𝑋𝑡 𝑑𝑡 + 𝜎𝑋𝑡 𝑑𝑊𝑡 .

Example 4.3.2 (GBM in Finance)
GBM can be used as a model of the price of an asset with constant expected return and variance of returns with normal
distribution.
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Let 𝑓(𝑥) = ln𝑥 be evaluated for 𝑥 = 𝑋𝑡. Ito’s lemma, with 𝜕𝑡𝑓 ≡ 0, provides the expression of the differential

𝑑𝑓 = 𝜕𝑥𝑓|𝑋𝑡
𝑑𝑋𝑡 + 1

2𝜕𝑥𝑥𝑓|𝑋𝑡
𝑑𝑋2

𝑡 =

= 𝜕𝑥𝑓|𝑋𝑡
(𝜇𝑋𝑡 𝑑𝑡 + 𝜎𝑋𝑡 𝑑𝑊𝑡) + 1

2𝜕𝑥𝑥𝑓|𝑋𝑡
(𝜇𝑋𝑡 𝑑𝑡 + 𝜎𝑋𝑡 𝑑𝑊𝑡)

2 =

= 1
𝑋𝑡

(𝜇𝑋𝑡 𝑑𝑡 + 𝜎𝑋𝑡 𝑑𝑊𝑡) − 1
2

1
𝑋2

𝑡
𝜎2𝑋2

𝑡 𝑑𝑊 2
𝑡 =

𝑑 (ln𝑋𝑡) = (𝜇 − 𝜎2

2 ) 𝑑𝑡 + 𝜎 𝑑𝑊𝑡 ,

whose solution after integration reads

ln𝑋𝑡 = ln𝑋0 + (𝜇 − 𝜎2

2 ) 𝑡 + 𝜎 𝑊𝑡 ,

or

𝑋𝑡 = 𝑋0 𝑒(𝜇− 𝜎2
2 ) 𝑡+𝜎𝑊𝑡 .

Geometric Brownian Motion with drift

A geometric Brownian motion is a stochastic process satisfying the SDE

𝑑𝑋𝑡 = 𝜇𝑋𝑡 𝑑𝑡 − 𝐶 𝑑𝑡 + 𝜎𝑋𝑡 𝑑𝑊𝑡 .

Example 4.3.3 (GBM with constant withdrawal in finance)
GBM with drift can be used in finance as a model to represent DCA strategy and pension withdrawal, and to show and
discuss sequence risk.

The solution reads

𝑋𝑡 = 𝑋0𝑒(𝜇− 𝜎2
2 )(𝑡−𝑡0)+𝜎(𝑊𝑡−𝑊0) + ∫

𝑡

𝑠=0
𝐶𝑒(𝜇− 𝜎2

2 )(𝑡−𝑠)+𝜎(𝑊𝑡−𝑊𝑠) 𝑑𝑠 .

Integration factor method for linear SDEs

Integration factor method for linear SDEs

𝑑𝑋𝑡 = 𝑎 𝑑𝑡 + 𝑏 𝑑𝑊𝑡 ,

with 𝑎(𝑋𝑡, 𝑡, 𝑊𝑡), 𝑏(𝑋𝑡, 𝑡, 𝑊𝑡)
aims at finding an exponential factor 𝑒𝛼𝑡+𝛽𝑊𝑡 that allows to get an integrable expression of the differential

𝑑 (𝑒𝛼𝑡+𝛽𝑊𝑡𝑋𝑡) = 𝑑 𝑓 (𝑡, 𝑊𝑡, 𝑋𝑡) .
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Taylor expansion of this expression up to terms of order 𝑑𝑡 ∼ 𝑑𝑊 2
𝑡 reads

𝑑 𝑓(𝑡, 𝑊𝑡, 𝑋𝑡) = 𝜕𝑡𝑓 𝑑𝑡 + 𝜕𝑤𝑓 𝑑𝑊𝑡 + 𝜕𝑥𝑓 𝑑𝑋𝑡⏟
𝑎𝑑𝑡+𝑏𝑑𝑊𝑡

+

+ 1
2

⎛⎜⎜
⎝

𝜕𝑡𝑡𝑓 𝑑𝑡2⏟
𝑜(𝑑𝑡)

+𝜕𝑤𝑤𝑓 𝑑𝑊 2
𝑡⏟

𝑑𝑡
+𝜕𝑥𝑥𝑓 𝑑𝑋2

𝑡⏟
𝑏2 𝑑𝑊 2

𝑡 =𝑏2 𝑑𝑡
+ 2𝜕𝑡𝑤𝑓 𝑑𝑡 𝑑𝑊𝑡 + 2𝜕𝑡𝑥𝑓 𝑑𝑡 𝑑𝑋𝑡⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑜(𝑑𝑡)
+2𝜕𝑥𝑤𝑓 𝑑𝑊𝑡 𝑑𝑋𝑡⏟

𝑏𝑑𝑊 2
𝑡 =𝑏𝑑𝑡

⎞⎟⎟
⎠

=

= 𝑑𝑡 [𝜕𝑡𝑓 + 𝑎𝜕𝑥𝑓 + 1
2𝜕𝑤𝑤𝑓 + 1

2𝑏2𝜕𝑥𝑥𝑓 + 2𝑏𝜕𝑥𝑤𝑓] + 𝑑𝑊𝑡 [𝜕𝑤𝑓 + 𝑏𝜕𝑥𝑓]

Proof (with integration factor method, for linear SDEs)

GBM motion with drift and constant coefficients is governed by SDE

𝑑𝑋𝑡 = 𝜇𝑋𝑡 𝑑𝑡 − 𝐶 𝑑𝑡 + 𝜎𝑋𝑡 𝑑𝑊𝑡 .

Referring to the general expression of SDEs, coefficients 𝑎, 𝑏 of the GBM with drift read

𝑎 = 𝜇 𝑋𝑡 + 𝐶
𝑏 = 𝜎 𝑋𝑡 .

Partial derivatives of function 𝑓 = 𝑒𝛼𝑡+𝛽𝑤 𝑥 appearing in the solution of SDEs through integration factor method read

𝜕𝑡𝑓 = 𝑒𝛼𝑡+𝛽𝑤 𝑥 𝛼
𝜕𝑤𝑓 = 𝑒𝛼𝑡+𝛽𝑤 𝑥 𝛽
𝜕𝑥𝑓 = 𝑒𝛼𝑡+𝛽𝑤

𝜕𝑥𝑥𝑓 = 0
𝜕𝑤𝑥𝑓 = 𝑒𝛼𝑡+𝛽𝑤 𝛽
𝜕𝑤𝑤𝑓 = 𝑒𝛼𝑡+𝛽𝑤 𝑥 𝛽2

It’s now possible to simplify the RHS of the the expression of the differential 𝑑𝑓 . Namely, it’s possible to choose values
of 𝛼, 𝛽 in order to get simpler expressions of the factors of the differentials 𝑑𝑡 and 𝑑𝑊𝑡

𝑑𝑊𝑡 ∶ 𝜕𝑊𝑡
𝑓 = (𝜕𝑤𝑓 + 𝑏𝜕𝑥𝑓)|𝑡,𝑊𝑡,𝑋𝑡

=
= 𝑒𝛼𝑡+𝛽𝑊𝑡 (𝑋𝑡𝛽 + 𝑏) =
= 𝑒𝛼𝑡+𝛽𝑊𝑡 𝑋𝑡 (𝛽 + 𝜎)

𝑑𝑡 ∶ 𝜕𝑡𝑓 = [𝜕𝑡𝑓 + 𝑎𝜕𝑥𝑓 + 1
2𝜕𝑤𝑤𝑓 + 1

2𝑏2𝜕𝑥𝑥𝑓 + 𝑏𝜕𝑥𝑤𝑓]∣
𝑡,𝑊𝑡,𝑋𝑡

= 𝑒𝛼𝑡+𝛽𝑊𝑡 [𝑋𝑡𝛼 + 𝑎 + 1
2𝑋𝑡𝛽2 + 0 + 𝑏𝛽] =

= 𝑒𝛼𝑡+𝛽𝑊𝑡 [𝑋𝑡𝛼 + 𝜇𝑋𝑡 + 𝐶 + 1
2𝑋𝑡𝛽2 + 𝜎𝑋𝑡𝛽] =

= 𝑒𝛼𝑡+𝛽𝑊𝑡 [𝑋𝑡 (𝛼 + 𝜇 + 1
2𝛽2 + 𝜎𝛽) + 𝐶] .

Setting

𝛽 = −𝜎

𝛼 = −𝜇 − 1
2𝛽2 − 𝜎𝛽 = −𝜇 + 𝜎2

2 ,
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the differential 𝑑𝑓 becomes

𝑑 (𝑒(−𝜇+ 𝜎2
2 )𝑡−𝜎𝑊𝑡 𝑋𝑡) = 𝐶𝑒(−𝜇+ 𝜎2

2 )𝑡−𝜎𝑊𝑡

and integration gives

𝑋𝑡 = 𝑋0𝑒(𝜇− 𝜎2
2 )(𝑡−𝑡0)+𝜎(𝑊𝑡−𝑊0) + ∫

𝑡

𝑠=0
𝐶𝑒(𝜇− 𝜎2

2 )(𝑡−𝑠)+𝜎(𝑊𝑡−𝑊𝑠) 𝑑𝑠 .

32 Chapter 4. Stochastic processes



CHAPTER

FIVE

“CORRELATION IS NOT CAUSATION”

In this article, some details about one of the most common sentence in statistics are given. Starting from the sentence
“Correlation is not causation”, the definitions of correlation, independence, and causation are discussed.

5.1 Definitions

5.1.1 Correlation

Correlation measures any statistical relationship between two random variables, wheter it is statistically dependent or not,
causal or not.
The most common measure of correlation is Pearson correlation. Pearson correlation between two random variables
𝑋, 𝑌 is defined as the ratio

𝜌𝑋𝑌 ∶= cov(𝑋, 𝑌 )
𝜎𝑋𝜎𝑌

,

of the covariance cov(𝑋, 𝑌 ) = 𝔼 [(𝑋 − 𝜇𝑋)(𝑌 − 𝜇𝑌 )], being 𝜇𝑍 the expected value of variable 𝑍, 𝜇𝑍 = 𝔼 [𝑍], and
𝜎𝑍 its standard deviation, 𝜎𝑍 = √𝔼 [(𝑍 − 𝜇𝑍)2].

5.1.2 Statistical independence

Two random variables 𝑋, 𝑌 are statistically independent if the conditional probability 𝑝(𝑋|𝑌 ) is equal to the uncon-
ditional probability 𝑝(𝑋),

𝑝(𝑋|𝑌 ) = 𝑝(𝑋)

Thus, joint probability reads

𝑝(𝑋, 𝑌 ) = 𝑝(𝑋|𝑌 )𝑝(𝑌 ) = 𝑝(𝑋)𝑝(𝑌 ) ,

i.e. joint probability is the product of unconditional probabilities of independent random variables.
As 𝑝(𝑋, 𝑌 ) = 𝑝(𝑌 |𝑋)𝑝(𝑋), it also follows that 𝑝(𝑌 |𝑋) = 𝑝(𝑌 ).
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Statistical independence implies no correlation

As statistical independence of variables 𝑋, 𝑌 implies 𝑝(𝑋, 𝑌 ) = 𝑝(𝑋)𝑝(𝑌 ), direct computation of the covariance
cov(𝑋, 𝑌 ) reads

cov(𝑋, 𝑌 ) = 𝔼 [(𝑋 − 𝜇𝑋) (𝑌 − 𝜇𝑌 )] =
= 𝔼 [𝑋 − 𝜇𝑋] 𝔼 [𝑌 − 𝜇𝑌 ] = 0 .

Correlation of samples drawn from independent random variables

Sample covariance ̂𝑆𝑁 of 𝑁 samples {(𝑋𝑛, 𝑌𝑛)}𝑛=1∶𝑁 ,

̂𝑆𝑁 ∶= 1
𝑁 − 1

𝑁
∑
𝑛=1

(𝑋𝑛 − 𝑋𝑁) (𝑌𝑛 − 𝑌 𝑁) ,

drawn from random variables 𝑋, 𝑌 is a random variable with zero expected value, but its realizations are non-zero in
general.
In other words, samples of independent (and thus uncorrelated) variables have non-zero covariance and then non-zero
correlation, in general.

5.1.3 Causality

Causality is the relation between two events, in which one (the cause) is - at least partly - responsible for the other event
(the effect), and the effect is - at least partly - dependent on the cause.
Principle of causality relation implies that the cause comes before the effect.
In general, an event may have multiple causes (that lie in its past) or have multiple effects.

Necessary, sufficient and contributory causes

• 𝑥 is necessary for 𝑦 is the occurence of 𝑦 implies a prior occurrence of 𝑥
• 𝑥 is sufficient for 𝑦 if the occurrence of 𝑥 implies the subsequent occurrence of 𝑦
• 𝑥 is contributory for 𝑦 if it’s one among several co-occurrent causes.

5.2 Pearl’s work, Causal Inference in Statistics: A Primer

5.2.1 Ladder of causation

Three levels of causation:
• Association is defined as the conditional probability,

𝑃(𝐴|𝐵) ,

and has no causal implication: there’s no cause-effect directionality, or both can be caused by a third event
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• Intervention needs for an event to be performed (and not just observed), in the minimal way, with minimum
intrusivity and unintended effects on the world. This action is represented mathematically using the do-calculus
formalism. In order to quantify the effect of performing action 𝐵 on 𝐴, the probability

𝑃(𝐴|do(𝐵)) ,

is required, being do(⋅) the operator representing the intervention
• Counterfactuals involves the consideration of an alternate version of the cause (past event), and the analysis of
the effects for the same experimental unit/system of interest. …

𝑃(𝐴|𝐵, 𝐶)

5.2.2 Model

Causal diagram: directed graph showing causal relationship, built with nodes (set of variables) connected with arrows
representing causal influence.
Elements.

• Junction patterns:
– chain, 𝐴 → 𝐵 → 𝐶
– fork at 𝐵, 𝐴 ← 𝐵 → 𝐶
– collider at 𝐵, 𝐴 → 𝐵 ← 𝐶

• Node types:
– mediator
– confounder: affects multiple outcomes, creating a positive correlation among them
– instrumental variable…
– …

5.2.3 Associations

5.2.4 Interventions

5.2.5 Counterfactuals

5.3 Examples

import numpy as np
import pandas as pd
import matplotlib.pyplot as plt
import seaborn as sns
from scipy.stats import pearsonr, spearmanr, chi2_contingency

sns.set(style='whitegrid')
np.random.seed(42)
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# Simulate correlated data
x = np.random.normal(0, 1, 100)
y = 2 * x + np.random.normal(0, 1, 100)

df = pd.DataFrame({'x': x, 'y': y})
sns.scatterplot(data=df, x='x', y='y')
plt.title('Scatter Plot of Correlated Variables')
plt.show()

# Pearson correlation coefficient
corr, p_value = pearsonr(df['x'], df['y'])
print(f"Pearson correlation: {corr:.2f}, p-value: {p_value:.3f}")

# Simulate independent variables
a = np.random.normal(0, 1, 100)
b = np.random.normal(0, 1, 100)

df_indep = pd.DataFrame({'a': a, 'b': b})
sns.scatterplot(data=df_indep, x='a', y='b')
plt.title('Scatter Plot of Independent Variables')
plt.show()

# Correlation test
corr, p_value = pearsonr(df_indep['a'], df_indep['b'])
print(f"Pearson correlation: {corr:.2f}, p-value: {p_value:.3f}")

# Simulate a confounding variable
z = np.random.normal(0, 1, 100)
x = 2 * z + np.random.normal(0, 1, 100)
y = -3 * z + np.random.normal(0, 1, 100)

df_spurious = pd.DataFrame({'x': x, 'y': y, 'z': z})
sns.scatterplot(data=df_spurious, x='x', y='y')
plt.title('Spurious Correlation via a Confounding Variable')
plt.show()

corr, _ = pearsonr(df_spurious['x'], df_spurious['y'])
print(f"Correlation between x and y: {corr:.2f} (spurious)")

5.4 Your Turn: Explore Causation

Try changing the relationships between variables and test for correlation. Does correlation imply causation? Try creating
a scenario where there is causation but low correlation.
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CHAPTER

SEVEN

INTRODUCTION TO MACHINE LEARNING

Artificial intelligence can be broadly defined as a field dealing with making machines perform tasks that require intelli-
gence, when performed by humans, like: reasoning, perception, representation, language processing, planning, learning
Machine learning is a branch of AI focused on statistical algoritms that can learn from data and generalize to unseen
data and perform tasks, without explicit instructions.1

Three core paradigms. Algorithms in machine learning can be divided into three paradigms:
• Supervised Learning, SL: algorithm learns from labelled data; many applications can be reduced to 2 main tasks:
regression (or function approximation) and classification.

• Unsupervised Learning, UL: algorithm learns pattern from un-labelled data; examples of taks in UL are clustering,
dimensionality reduction (and recognition of main components in data), compression (retaining only relevant com-
ponents in data). Some historical algorithms and linear algebra decompositions can be interpreted or generalized
as unsupervised learning.

• Reinforcement Learning, RL: an algorithm (agent) learns a policy - i.e. the way to behave - interacting with
an environment, and maximizing some performance to efficiently perform required tasks. Applications of RL
includes planning and control.

Goals andmethodology. ML ismainly a engineering-oriented and an application-focused discipline, relying on statistical
inference (todo be more explicit). A ML model usually takes an input u, and produces an output y, depending on its own
structure and a set of parameters 𝜃 and hyper-parameters 𝜇. Learning usually relies on optimization of an objective
function

𝐿(𝜃; 𝜇) ,

w.r.t. parameters 𝜃, whose value is learned/adjusted towards an optimal solution 𝜃∗ that makes 𝐿(𝜃∗; 𝜇) extreme. The
choice of hyper-parameters 𝜇 instead influences the training process and model behavior. Optimization usually relies on
gradient methods, updating the parameters in the direction of the gradient of the objective function w.r.t. the parameters,

𝜃 ← 𝜃 + 𝛼∇𝜃𝐿(𝜃; 𝜇) .

Optimization of model parameters is made fast by the use of back-propagation and automatic differentiation (AD),
which efficiently compute gradients of the cost function with respect to the model’s parameters, and technically feasible
for large-dimensional models - as the ones used in multi-layered neural networks, in deep learning2 - by recent hardware
improvement. These algorithms are not only feasible but also particularly well-suited (being a major driver for new
designs) to modern processing architectures, such as GPUs and TPUs, that accelerate the large-scale matrix and tensor
computations involved in both the forward and backward passes of training.
todo Show NVIDIA, TSMC revenues

1 “Without explicit instructions” means that a systems has no user-coded behavior, but learns it usually via optimization, usually either involving
minimization of an error function or maximization of an objective function or energy/information content.

2 Deep learning can be roughly defined as that branch of machine learning using multi-layered neural networks, indeed.
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todo Add references: Bishop,…

7.1 Models in Machine Learning

Linear models
Kernel methods
Decision trees and ensembles
Neural networks
…probabilitstic models, clustering models, dimensionality reduction models,…
Reinforcement learning models: Q-learning (tabular, and DQN), Policy gradient, Actor-Critic, Proximal Policy Opti-
mization,…

7.2 Good Practices in Machine Learning
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CHAPTER

EIGHT

SUPERVISED LEARNING

Theory.
Examples.

8.1 SL: theory

Supervised learning can be thought as a function approximation problem. Given a set of data

{(𝑥𝑖, 𝑦𝑖)}𝑖=1∶𝑁 ,

supervised learning can be formulated as the evaluation of a function ̂𝑦(𝑥, 𝜃), or a model, that approximates well the
relation between input 𝑥𝑖 and output 𝑦𝑖,

𝑦𝑖 ≃ ̂𝑦 (𝑥𝑖; 𝜃) .

Two main tasks of SL can be distinguished on the output of the function: regression can be formulated as function
approximation with continuous output, while in classification the function maps inputs to discrete output/labels
Learning process aims at finding values of the parameters 𝜃 (and hyper-parameters 𝜇), that minimize a “prediction”
error function, e.g. for a scalar output function,

𝐸(𝜃) = 1
2 ∑

𝑖∈𝐷𝑇𝑟

| ̂𝑦(𝑥𝑖; 𝜃) − 𝑦𝑖|2 ,

being 𝐷𝑇 𝑟 the set of indices belonging to the training set. Minimization usually relies on gradient methods of the error
function w.r.t. the parameters 𝜃,

∇𝜃𝐸(𝜃, x𝑇 𝑟, y𝑇 𝑟) = ∑
𝑖∈𝐷𝑇𝑟

( ̂𝑦(𝑥𝑖; 𝜃) − 𝑦𝑖) ∇𝜃 ̂𝑦(𝑥𝑖; 𝜃)

𝜃 ← 𝜃 − 𝛼∇𝜃𝐸(𝜃, x𝑇 𝑟, y𝑇 𝑟) ,

with 𝛼 an hyper-parameter called learning rate, governing the “length” of the update step. Other objective functions to
be maximised or minimized can be used. Slight variations to objective functions allow for regularization (e.g. parameter
weighting)
Dataset. Available data {𝑥𝑖, 𝑦𝑖}𝑖 is divided in different sets:

• training set: for learning/tuning model parameters, minimizing an error function
• validation set: for early stopping, and hyper-parameter tuning (e.g. to avoid
• test set: to evaluate model performance
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UNSUPERVISED LEARNING
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REINFORCEMENT LEARNING
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