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continuum mechanics

This material is part of the basics-books project. It is also available as a .pdf document.

General approach and equations in continuum mechanics are first presented, and then specialized to the most common
models of solids - mainly elastic solids - and fluids - mainly Newtonian fluids.

Introduction to Continuum Mechanics

Kinematics of continuum media. Lagrangian, Eulerian and arbitrary descriptions of the motion of continuous media
is presented, and kinematic quantities are introduced.

Balance equations of physical quantities. Balance equations of physical quantities are introduced here for continuous
media, both in integral and differential forms - in regular domains with “smooth” distribution of physical properties.
Reynolds theorem and derivatives of composite functions are exploited to provide Lagrangian, Eulerian and arbitrary
descriptions - and their relationship - both for integral and differential equations respectively.

First Lavoisier principle for mass conservation, Newton principles and equations of motion for momentum and angular
momentu balance equation, and first principle of thermodynamics or balance equation of total energy are written for
closed systems - and derived for arbitrary systems.

The need for constitutive equations and state equations is discussed. Properties of stress tensors and heat conduction flux
are described.

Then, balance equations for other physical quantities are derived, e.g. for kinetic energy, internal energy, and entropy.
Balance equation of entropy and second principle of thermodynamics prescribe some constraints on stress tensor and heat
conduction flux.

Solid Mechanics

Fluid Mechanics

CONTENTS 1
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CHAPTER
ONE

KINEMATICS

Let
* 7 the physical space coordinates
* 7, the material coordinates, labels associated to material points of the continuum

* 7, arbitrary coordinates, labels associated to arbitrary points - e.g. geometric points

1.1 Material points in physical space

Position. The position in physical space of material points labeled with material coordinates 7', can be written as a
function

?(?va ’ (11)

providing the position in physical space of a material point, as a function of its label 7, and time ¢.

Velocity. The velocity of each material point is the time-derivative of function (1.1) at constant 7, (since one is interested
here in the velocity of material points),

L or Dr Lo
U= —| =—
otl, ~ Dt’ (1.2)
o . . oD 9
having introduced the definition of material derivative, Di = i
7o

Independent variables

In formula (1.2), independent variables are not explicitly written. If 7 (7, t), the velocity field % can be readily written as
functions of the same independent variables,

or
Uy (To,t) = =| (Fo,t
Ug (r07 ) ot #o (T07 ) )
and it provides the velocity field as a function of the material coordinates, namely the Lagrangian description, following

material points in their evolution in space.

Eulerian description of the problem requires physical properties to be written as functions of physical coordinates, 7, t.
If the inverse transformation of (1.1) exists, it’s possible to write 7, (7, t), and the velocity field as

or, for invertible transformations,
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having used indices to mathematcally discern functions of different independent variables, even if they represent the same
phsyical quantity. In many situations, this inverse transformation between the position in physical space and the material
coordinates is not well-defined, often for fluid systems or solid mechanics with (very) large deformations: in these cases,
it’s always (?) possible to update the reference configuration at some closer time instant in order to find a well-defined
inverse transformation, if needed.

Acceleration. Acceleration of a material point labeled with material coordinate 7, is the second order derivative of the
physical position (1.1) w.r.t. time ¢ keeping 7', constant, or the first order derivative of the velocity (1.2),

. Ou or 01 n 812‘ i Vi ou
= —| = —=| = —| =u-Vi+ —,
3t 7o 3t 7o 87' t at 7 5‘t
. . . e . . L0 0 :
having written the partial derivative in time at constant physical coordianate 7 as 7. = 7 and the gradient w.r.t. the
7

physical coordinate as V. = V.

1.2 Arbitrary points in physical space

Following the same process as the one used for material points, the position, the velocity and the acceleration of a set of
arbitrary points labeled with 7, coordinates read

?(Tnbat)
. oF
Uy = &7
b ooty
Lou,| 0u, . .
B="g0| = T Vil

p

1.3 Time derivatives of a function from different descriptions

Coordinate transformations implies the rules to compute the relations between time derivatives of a field f keeping phys-
ical, material or arbitrary coordinates constant, namely

O oo O] 07 or| _or|
aaf(r(r()ﬂt%t)_ at ﬂ+8t4 8?)&_ at ﬂ+u Vf
T r To r
01w o= 0| O o _os|
at?‘f(/r(rb?t)?t)_ at F+at? a;t_ at F+ub vf
and thus
pf 9|, 9|, . o, @ I
Dt_atlﬂf_at‘ﬁfﬁ_u.vf_ataf—k(u—ubny. (1.3)
To T Tb
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1.4 Kinematics of two points

strain velocity tensor

1
D= [Vii+ V"4 (1.4)

1.5 Kinematics in reference space

Let 7*(7, t), it’s differential - keeping ¢ constant - reads
or using a Cartesian base in the reference space

Ox;
7 — 507,09 _ 50 5.0 — o0
dr—eidmka o =€ doyp by, =€ dx; .
Lk

|d7|2 = d7 - dF = dFy - F - F7 - dF,
|dF|2 — |dio|2 = dFy - [F - FT —1] - di

1.5.1 Strain
Green-Lagrange tensor

Green-Lagrange strain tensor is defined as

1
€:= —

. T*
[P P71 (1.5)

or in Cartesian coordinates in the reference space

1 1[0z, Ox;
€ij = 5 [Fiijk —52‘]‘] = ) [83:2 87:,% - ij:|

Its (material) time derivative reads (todo pay attention to vector basis in reference and physical space. Can they be com-
pared/confused?)

De;; 1 D Oxy, Oxy, ~ Oxy D Oxy |
Dt 2 | Dtda) 0x) = 929 Dt oz |

1 _3vk% Oxy, 81},61 B

09,0 0 5,0
| Oz Oy Oy Oxj

1
2 | 029 Oz, 9z dx) 92§ Oal

_ Om [ (0v,  Ou | O
© 020 [2\ 9z, 92k )| 020

=F; Dy, ij .

_8l'l 8'Uk (933k 6xk 6.131 6Uk‘|

1.4. Kinematics of two points 7
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— . FT4+F. —

DF DFT
Dt Dt

[Vob-FT +F-VE5] =

[F.Vﬁ.[FT_F[F,VTT)_[FT]: (16)

-[%(vmv%)}.ﬂ:

Chapter 1. Kinematics



CHAPTER
TWO

GOVERNING EQUATIONS

The following process is detailed in the following sections

Integral balance equations for primary physical quantities. First, integral balance equations for closed systems are
written as a manifestation of principles of classical mechanics for closed systems, namely mass conservation, second
principle of mehcanics, and first principle of thermodynamics. Starting from integral balance equations for closed systems
(material systems, Lagrange description), Reynolds transport theorem is used to derive integral balance equations for open
systems, either stationary in space (control volume, Eulerian description) or with arbitrary motion (arbitrary description).

Differential balance equations for primary physical quantities. Starting from integral balance equations, under the
assumption of sufficient regularity of the physical quantities, divergence theorem and arbitrariety of the domain is used
to derive differential (local) balance equations of primary physical quantities.

Differential balance equations for derived physical quantities. Starting from differential equations of primary physical
quantities, differential balance equations are derived for other physical quantities, as an example kinetic energy, internal
energy and entropy.

Integral balance equations for derived physical quantities. Starting from differential balance equations, and exploit-
ing divergence theorem (in the “opposite direction” w.r.t. what has been done before, to get differential from integral
equations), integral balance equations are derived for derived quantities.

2.1 Integral Balance Equations of aaa physical quantities

Classical physics relies on a small set of principles, usually formulated for closed systems.
* classical physics and chemistry rely on Lavoisier principle, or mass conservation in closed systems
* classical (Newton) mechanics is built on 3 principles:

— 1% principle, or principle of inertia, dealing with the invariance of classical physics w.r.t. Galileian transfor-
mations

— 2" principle, or balance of momentum

— 374 principle, or action/reaction principle
* classical thermodynamics:

— 1%t principle, or balance of total energy

— 274 principle, describing irreversibility or natural tendencies in physical processes - positive dissipation of
mechanical (macroscopic) energy and heat transfer “from hot to cold bodies” - in terms of entropy

— 37 principle, relating energy, entropy and thermodynamic temperature as positive physical quantity (it sets
an absolute zero of the thermodynamic temperature, in the thermodynamic scale of temperature - Kelvin K)

* classical electromagnetism:
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— Electric charge conservation
— Maxwell’s equations, relating electromagnetic field with charges and currents
— Lorentz’s force, acting on charges in an electromagnetic field

Here, electromagnetic processes are not investigated. Dynamical equations for angular momentum and kinetic energy
derived in classical mechanics are discussed later: integral balance equation of angular momentum relates changes of
angular momentum of the system with external moments acting on it; differential balance equation of angular momentum
reduces to the an identity - and thus it adds no information - for non-polar media; kinetic energy integral balance relates
changes of kinetic energy of the system with the total mechanical power acting on the system, and it can be substracted
from total energy to get internal energy of the system.

2.1.1 Principles of classical mechanics for closed systems - Lagrangian descrip-
tion

Mass balance equation: Lavoisier principle.

d

Momentum balance equation: 2"¢ principle of Newton mechanics.

i i [ @
— [ pi= | pj+ A -
dt Jy, v, ov,

Total energy balance equation: 1°¢ principle of thermodynamics.

d o I o
— pet:/pg-u+7§ ﬁ-u—f q-n+/m“-
dt Vv, Vv, oV, oV, \%

t t

2.1.2 Integral balance equations for arbitrary domains - arbitrary description

Using Reynolds transport theorem, time derivative over the material volume V, can be written in terms of the time
derivative over volume v, in arbitrary motion and a flux contribution across its boundary.

Mass balance equation.

Momentum balance equation.

d - . L= . -
— pqu?{ pU(u—ub)-n=/pg+7§ b -
dt vy v, v v,

Total energy balance equation.

Dl oiid siinie [pgied toad a7
pet + ¢ pe(i—ty)-n= [ pg-i+ i U qg-n+ | pr.
dt v, o ov, ov, v

Ut Ut

How to correctly apply Reynolds’s transport theorem in continuum mechanics

10 Chapter 2. Governing Equations
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Apply Reynold’s transport both to material volume V, and arbitrary volume v,

d [ of L
1= g,
d R L
ﬁLfLm+8vtfvb'n

and compare these two expressions, after setting v, = V,, i.e. considering the material volume at time ¢ conciding
with the arbitrary volume at time ¢ (in general, at any time ¢ there’s a different material volume V, coinciding with the
arbitrary volume v, - i.e. a different set of material particles in the arbitrary volume - but this is not a problem at all in

the manipulation),
d d Ly -
dt/Vtvtf dt/vtf+»évt8vt f(vivb) "

2.1.3 Integral balance equations for control volumes - Eulerian description
Eulerian description of integral balance equations in continuum mechanics relies on stationary control volume, V. Integral
balance equations are readily derived from balance equations for arbitrary volumes setting the velocity of the boundary of

the domain equal to zero, i.e. U, = 0, and the Eulerian controlo volume equal to the “instantanteously coinciding material
volume”, V = V,.

Mass balance equation
Momentum balance equation

Total energy balance equation.
d Loz Lo > L 2
— pet+7§ petu-n:/pg-u—i— ﬁ-u—% q-n+/pr.
dt Jfy oV \% oV oV 1%
2.2 Differential Balance Equations of aaa physical quantities

2.2.1 Balance equation in physical space

In this section, differential form of balance equations is derived using time ¢ and physical coordinate 7 as independent
variables of fields representing physical quantities f(7, ).

Conservative form - Eulerian description in physical space.

ap L

0

a(pﬁ)—ﬁ-V'(pﬁ@U):pﬁ—i-V-T (2.1)
0

a(pet)—l—v-(petﬁ):p§-17+V-(1T-17)—V~67+p7“

2.2. Differential Balance Equations of aaa physical quantities 11
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Convective form - Lagrangian description in physical space. Using vector calculus identities to evaluate partial
derivatives of products, mass equation and relation (1.3) to write partial derivative w.r.t. material derivative,

Dp .

e VY

D

= i+ VV-T

Py =PI+

Dt

pﬁizp§~ﬁ+v~(ﬂ—-ﬁ)—v-(j+pr
Proof
todo

Arbitrary description in physical space. Using relation (1.3) to write material derivatives w.r.t. time derivative at
constant 7,

0 L ~
8{4 + (U —1) Vp=—pV -0
U S L
P 5. +p(U—17,) - Vi=pg+V-T
b
det . . . _
P o +p(U—1,) Ve =pg-9+V-(T-0) =V -qg+pr

2.2.2 Balance equations in reference space

In this section, differential form of balance equations is derived using time ¢ and material coordinate 7, as independent
variables of fields representing physical quantities f,(7,,t) = f(7#(¥y,t),t), exploiting the change of variables 7 (7, t)
and its inverse transformation - assumed to exist (with the same consideration done in the kinematics sections: while
it’s likely that a global invertible transformation w.r.t. the original reference configuration doesn’t exist, limiting the time
interval and space domain a “piecewise” invertible transformation w.r.t. intermetdiate states exists).

2.3 Differential Balance Equations of ddd physical quantities

Balance equations of kinetic energy, internal energy and entropy

P
v
kz% , e=e —k 5=..
Convective form - Lagrangian description in physical space. Kinetic energy equation is derived multiplying the
momentum equation by the velocity field; internal energy equation is derived subtracting kinetic energy equation from
the total energy equation; entropy equation strongly depends on the constitutive equation of the material, as it’s shown for

elastic solids and Newtonian fluids

Dk
D
pﬁi:F:Vﬁ—V-(j—i—pr

12 Chapter 2. Governing Equations
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Conservative form - Eulerian description in physical space.

0
a(pk)+v~(pkf)):p§~f}+17~v'?

0
a(pe)—i—V-(peﬁ)=1T:V17—V-c7+pr

Arbitrary description in physical space.

k

P FE—T) Vh=pG-T+5-V-T
7,

pa—: Y p(T—T,) Ve=T:V5—V -G+ pr

2.4 Integral Balance Equations of ddd physical quantities

2.5 Jump conditions

Jump conditions comes from integral balances for an anrbitrary domain. These conditions hold both across discontinuities
- where fields are not regular enough for differential equations to hold - and in regular domains.

2.6 Integral Balance Equations in reference space

2.6.1 Mass

Integal balance for a material volume V, reads

d S
0= dt/th(T,t)dV—
d N .
. / P (1), 1) T (7, 1) dVy =
dt Jy,
d . N
:% Po(roat)JO"Ovt)dVo:
Vo
D (o Fort) T (Fout)) dV,
= — (po(Tg, 70, .
v, Dt o\"'0 0 0

Since the domain V/, is arbitrary, with some abuse of notation to indicate the density field as p, hidihg the dependence on
the independet fvariables p (7, t), the differential balance in reference space follows

D
E(PJ)—O
or
pJ=p",

i.e. the product p J equals the initial density field p¥, assuming that the determinant of the transformation is J° = 1, in
the reference configuration.

2.4. Integral Balance Equations of ddd physical quantities 13
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2.6.2 Momentum

Integral balance for a material volume V, reads

d .
— pﬁdV:/pﬁ—&-j{ n-TdS
dt Jy, v, ov,

d _
= pJﬁdVO:/pJ§+f fip - (JFT-T) dS,
A \% oV,

0 t

Since the domain V}, is arbitrary, the differential balance in reference space follows

Di .
' =G+ V%,

Dt T

Nanson’s formula

—

)
d?:d?m%:dﬁyvo?:d?oﬁ
0

dv = J dVj,
di - 7dS = J dFy - g dS,
diy - F-2dS = Jdiy - iy dS,

must be true for all 7 arbitrary, so that
F-ndS=JnydS,

and

AdS = JF 7y dS, =
= J iy - FTdS,

Stress tensors

Cauchy stress tensor.
Piola-Kirchhoff I - transpose of normal stress tensors.

Piola-Kirchhoff 11

Example 2.6.1 (Relation between description in physical and reference space)

—

Dv R
P = =0"§+V,-%,

Dt

D%

= — g Y
Jth Jpg+Vy-2,

D% 1

— =pd+=-V,-2
P i pg+JVo n

14 Chapter 2. Governing Equations
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thus,

todo Prove it with derivation!

2.6.3 Kinetic energy

_ 07——p(’ﬁ~§fvo~(TPEH)JFVOT”En

vialgzki = 32 (0;5)) — 82”1'21“'

dv = Jdv,
dr;n; dS = Jdrin? dS,
09", 48 — dr0. 0 ds
ka,rg i k k 0

or;

37"2
87“2 or;
or; or}

=5,

dr

n; dS = Jng ds,

orY 0
n; dS = Jairjnk dSO

970
jn,% dS,

.dS =
n; S J@r.

2, =%-F

or?
= .. -1 = ..7]“
E’Lk En,z] (”-_ >gk En,zg arj

2.6. Integral Balance Equations in reference space

15
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En,ij = Zik%

T
Voﬁ:En:%F X, =
81}14 ox;

J

j
z? ’kﬁxg
- 1 8vj (%‘j 3vj aa:j
- ik?(%’axﬁi 333233«"?>

if ¥ is symmetric, X;;, = X;;, or with tensor notation

D
VOT)EHZEFZH:

=Voi: (X-F)=
1(DF _, DFT

E'Q(m'F*$”1n)
D

:ZZ*H‘:
Dt

having recognized the time derivative (1.6) of the Green-Lagrange tensor (1.5).

Integral of the volume stress in the reference space can be recast as the volume in the physical space

DE
Vv : %, dV, :/ Y —dVj
Vs V, Dt
Ox?
Zn,ik =J 73% jk

0
/ Vot : 5, dVy = ngn,ik dVy =
% Vo O3

0

8Uk: 3.%‘0

= o 2 T, . d =

/Vo x? (8a:j ij) Yo
—————
av

8'Uk

:Lmﬂbwz

1 avk 31}]
= | —= 4+ = | T, =
/V 2 (896-7 T ok ) T v

\%4

D:TdV.

—

16 Chapter 2. Governing Equations
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Variational principles

Using an arbitrary test function w(7,),

. Dy L
O=w {POE—POQ—VO En}
and using rule of product
Toa) T 9af it T gy Tt

and the second term can be transformed using the relation bewteen normal stress and second Piola-Kirchhoff tensor

ow; B awiz ox; . % l Ox; Ow;  Ox; Ow;

OWisy  _ OWis OLi — N Wi
Bacg I 8909 Jk(‘?xg ox) 6302 336? (91‘2] i Wi (@)

having defined the tensor
W(@) = % (Vi FT 4+ F-VIa]
with the evident analogy with the time derivative of Green-Lagrange strain tensor, namely
€= W),

being ¥ the velocity field. Integrating on the domain V}, and using divergence theorem, the problem is written in its weak

form
Dy -
/{p0w~l+W(ﬁ)):Z}:/p0ﬁ)~§+7§ Ny X, W,
Vo Dt Vo oV,

with the proper boundary conditions and the corresponding conditions on the test function w. As an example, if the
boundary is composed of two different regions, Sp, o U Sy o = 9V, Sp NSy = ) where either position (called Sp,
from Dirichlet boundary) and stress (called S from Neumann boundary) are prescribed

=
=30

A , =0 (on Sp,  Dirichlet - essential - boundary)

ng - X, = %’0’ , (on Sy o Neumann - natural - boundary)

3

0

the weak form of the equation reads

Db .
/{poﬁj-l—l—W(ﬁj):E}:/ poﬁj-ﬁ—i-/ ng -t
\7 Dt A7 S 0
0 n,0

2.6.4 Total energy

Using Nanson’s relation . dS = g, - (JF~T) dS,,

d 2 PR
—/pethZ pg’]’-ﬁdV—i—?{ ﬁ-ﬁdS—?{ n~q+/prdV:
dt Jy, v, av, av, 1%

t t t

:/pg-ﬁdv+7§ fmr-adS—?f ﬁ-q’ds+/prdv
V, oV, oV, V,

t t t t

:/ pOg-ﬁdV0+7§ ﬁ0~(J[F*T~F)-6dSO—?§ A (JFT . §) dSO+/ pOrdv, .
Vo LA YA Vo

2.6. Integral Balance Equations in reference space 17
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and the differential form reads

or

+ Vo  (JET - T-8)=Vy- (JET-q)+p%r.

¢
—7 =05 U+ (8, 0) = Vo go+p°r.

and dividing by .J and using the relation (see below) V, - (JF~ T .@) = J V - d,

Det

"Dt

=pg-0+V-(T-0)=V- -G+ pr.

Comparison with equation in physical space (dividing by J) suggests the identity

1

Vo (JFT-d) =V -a,
and thus
v0 ’ (JF7T> = 6 )
since
Vo (JFT-4) =V, (JET) - a+JFT: Vo=V, (JIT) - G+JV-a
Proof.
b Or, Or; Or;
J = L’S = €iyinvis 70 H0 A0
or; vt gr] Org Ory
orY
[FfT — [
( )ij or;
o or, Or, Or; or?
Vo (JET) = (e, , , =tz ial0i)_
Vo UF}, = 50 (5 ar9 oy o arj>
o 87’1-1 87‘1;2 87“2-3 31‘? 37‘il o 87’1»2 (r“)rig 87‘?
N 52'1,12,1‘357? (61“(1)) ory ord or; Firia i or? 877“? (67"8) or or;
or; Or,, o0 (0r;\ or? ar; Or, Oy, 9 (Y
+ i or9 org 877“? (8r§) or; t iy orY ory or§ (‘377“? (67‘j> N
orY 9 (0Or; \ Or; Or, r, or? o (0r; )\ Or,
__0 __8
=or; =ar;
or; Or,, ord o (Or, Or; Or; Or;. 9 (0r?
Jrgil’i”a(“)ir? 87“8 3Tj 87“? (87"3) t i g 81“(1) (“)rg 87“% 877“3 (87‘?) B
) =3
701"7'
p— O 5
since
O (i _ 0 (O \_ 0o
or; orY orY \ ors ord "
Thus
1 0 or? 1 0 or? 1 _9r9 0a; Oa.
R Sk ) [N () A IR o St e B VN
7 or ( ar, aJ) 7 or ( arj> YT o a0 "o, Y
18 Chapter 2. Governing Equations
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2.6.5 Internal energy

pedV / Vud —}1{ ﬁwdewL/ prdV =
dt v, oV, v,
d .

pedVO / JTF:VTJdVO—f ng - (JET-q) dSy +
dt Vo oV,

and the differential form reads

o De

P thZ Vo0 — V- @+ por.

plrdVy =
Vo

todo pay attention at the definition - choose one and keep using it! - of the product A : B, in components

A:B=A;;B;; or =A,.B;

Zj ]’L

2.6. Integral Balance Equations in reference space

19
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CHAPTER
THREE

EQUAZIONI DI STATO ED EQUAZIONI COSTITUTIVE

21
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CHAPTER
FOUR

EQUAZIONI DI BILANCIO DI ALTRE GRANDEZZE FISICHE

Partendo dai bilanci di massa, quantita di moto e di energia totale, si possono ricare le le equazioni di bilancio di altre
grandezze fisiche come I'energia cinetica, Uenergia interna, 'entropia.

4.1 Bilanci in forma differenziale, convettiva

Energia cinetica. L’energia cinetica (macroscopica) per unita di massa & k = L|u|? = Lu - u. L’equazione di bilancio
2 2

dell’energia cinetica viene derivata moltiplicando scalarmente I’equazione della quantita di moto
u
—_— = V.-T
P =P8 + )
per il campo di velocita u,
Dk _ ut+V-T-u

avendo usatou - du = d (uQ—u) = dk.

Energia interna. L’energia interna per unitd di massa ¢ la differenza tra 'energia totale e 'energia cinetica, e = e?°t — k.

L’equazione di bilancio dell’energia interna viene ottenuta come differenza dell’equazione dell’energia totale

Detat
P~ Dt

=pg-u+V-(T-u)—V-q+pr,

e quella dell’energia cinetica, per ottenere

De

Entropia.

* Entropia nei fluidi. Se I'entropia puo essere scritta come funzione dell’energia interna e della densita, e il primo
principio della termodinamica viene scritto come

P
de=—dp+Tds,
p

e il tensore degli sforzi pud essere rappresentato come somma degli sforzi di pressione e degli sforzi viscosi todo
riferimento alle leggi costitutive,

T=—Pl+S=—Pl+2uD+ AV -u)l,

23
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1
si puo ricavare I'equazione di governo dell’entropia usando il differenziale ds = T de — T2 dp
p
Do _p(De_PDoy_
Poe “T\Dt ~ 2 Dt) "~
_ 1 ( De E&) _
T \"Dt p Dt
1
=7 (T:Vu—V-q-ﬁ-pr—;(,oV-u)) =
1
= T(—PV-u—f—S:Vu—V~q+pr+PV-u) =
1

=—=(S:Vu—-V-q+pr) =

=N

= o (2ulDP + AV w)? =V g+ pr) =

_ 2uDP+A(V-w)P  q-VT q\ , pr
— T o ()48

T T2 T
q V-q q-VT
do usato la degola del prodott ,(7):7_ .
avendao usato la egoa eprO (0) OV T T T2

Gli ultimi due termini sono legati alla sorgenti di entropia nel sistema, dovute alla sorgente di calore nel sistema
e al flusso di calore tramite la frontiera del sistema.

I primi due termini possono essere ricondotti alla dissipazione viscosa e dovuta alla conduzione termica
all'interno del volume: entrambi devono essere non-negativi per il secondo principio della termodinamica todo. I
primo termine ¢ positivo se i coefficienti di viscosita del modello di fluido newtoniano sono non-negativi

wA>0

. I secondo termine impone che il flusso di calore avvenga in direzione opposta al gradiente di temperatura locale,
e quindi la proiezione su di esso sia negativa (traducendo il concetto che il calore trasferisce energia da un corpo
caldo a uno freddo),

come ¢ facile da verificare per il modello di Fourier per la conduzione in mezzi isotropi, q = —kVT, —q - VT =
k|IVT|> > 0se
k>0.

Nel caso di modello lineare per la conduzione in mezzi non isotrpi, il flusso di conduzione puo essere descritto
usando un tensore del secondo ordine K, q = —K - VT (todo simmetria?) e la condizione diventa

0<—-VT-q=VT -K-VT,
che impone che il tensore di conduzione sia (semi-)definito positivo, a causa dell’arbitrarieta del vettore V7.

Se questi due termini sono non-negativi, il bilancio di entropia puo essere riscritto come la disuguaglianza

Ds _ 2uD? +A\(V-w)> q-VT
Ds _ 2uDF+ AV -w q-V _v.(q)+g:

Dt T T2 T T
>0
q Pr
-7 (3)+ 5.
- T +T

o nella forma integrale per un volume materiale

T
a J, T LT

t t

24
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che richiama alla mente la disuguaglianza di Clausius todo aggiungere riferimento

0Q°
> —.
ds > T

La differenza di segno deriva dalla definizione di dQ¢ come flusso di calore dall’ambiente verso il sistema e del
vettore flusso di calore q come flusso di calore “uscente dal sistema” todo

4.1. Bilanci in forma differenziale, convettiva 25
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CHAPTER
FIVE

INTRODUCTION TO SOLID MECHANICS

29



continuum mechanics

30 Chapter 5. Introduction to Solid Mechanics



CHAPTER
SIX

SMALL DISPLACEMENT - STATICS

¢ Labile - Undetermined.
¢ Isostatic - ‘““determined”.

* Hyperstatic - “overdetermined”.

6.1 Linear isotropic elastic medium

6.1.1 Constitutive equation

An isotropic elastic medium has no prefereed orientation. The most general linear relation between stress tensor o and
strain tensor &, and temperature difference AT w.r.t. a reference temperature, AT := T — T,

o=D:e— BAT,

for isotropic media involves the rank-2 and rank-4 isotropic tensors, see rank-2-iso, and rank-4-iso. Since stress tensor
o and strain tensor € are symmetric the constitutive law for isotropic elastic media reads

o =2ue + Mr(e)l — BATI, 6.1)

being p, A the Lamé coefficients.

Decomposition of tensor in hydrostatic (proportional to [) and deviatoric (traceless) parts reads

2 2
o= (2us — gutr(e)ﬂ) + </\ + §u> tr(e)l — BATI (6.2)
The expression of strain tensor € as a function of stress tensor and temperature difference
g =

can be easily evaluated, using the relation between the traces of the tensors

Different expression of constitutive laws, and sets of parameters.

Remembering that tr(l) = 3 in the 3-dimensional space, evaluating the trace of the relation (6.1) provides the relation
between the traces of strain and stress tensors and the temeprature difference

tr(o) = (2p + 3 tr(e) — 36AT

31



continuum mechanics

and thus

1 38

t; = ——1 AT .
&) =5 @+ 5

Using the relation between traces, it’s possible to find € (o, AT),

€= ia — %tr(e)ﬂ + %ATU =
_ io’ _ % ﬁtr(a) 4 zu?fg)\AT} I+ %ATU -
= io’ — mtr(a)ﬂ + i { — %} BATI =
= ia - Mtr(a)ﬂ + ﬁﬁAT” .

Modulo elastico. Il modulo elastico £ & definito dalla relazione

11 A B
E 2u 2u(2p+3)\)
12(p+A)

T 2u 2u+ 3N

e quindi

- H2ut 3N
A
Modulo di Poisson. 11 modulo di Poisson v & definito dalla relazione

v A
E  2u(2u+3)\) "

e quindi
2(p+A)

Thermodynamics

Helmbholtz’s free energy is the thermodynamic potential F' defined w.r.t. temperature 7" and generalized displacements X,
as independet variables. Here unit-volume relation (Explain why! Link to general continuum mechanics, and equations
in reference coordinates). Using difference of temperature AT = T — T, w.r.t. a reference temperature 7 instead of
temperature T, differential of Helmhtoltz’s free energy per unit volume for a linear elastic medium reads

dF (e;;, AT) = —SdAT + 0,,de;

17 YR

(8?) s (85‘”)
0 = , =—| = .
J Oeij) o o).,

Using the constitutive law (6.1) for a linear isotropic elastic medium, here written in Cartesian coordinates as

so that

32 Chapter 6. Small displacement - statics
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integration w.r.t. €;; gives

1
AT) = 5 ( 'LLEUEU + Askksll) - /BAT€” + ?(O, AT) ==

= % (2ue : € + A (r(e))”) — BATt(e) + F (0, AT)

F(e

g0

being 7 (0, AT) = F(AT) a function of AT appearing from integration in ¢, ;. If you don’t trust this, try do evaluate
the partial derivative w.r.t. the components of the strain tensor of the last relation.

Entropy. Entropy is the parital derivative w.r.t. T' of Helmholtz’s free energy and, assuming constant parameters, its
expression reads

oF

8(ei;, AT) = — (ﬁ

) = Pey — F'(AT) .

Heat coefficients. Heat coefficient at constant strain per unit-volume reads

“i or

k¥

C =T (375) — (T, + AT)F"(AT).
ij
Assuming that heat coefficient CEH is independent from 7', integration in AT gives
AT
C, In (1 + > =—F'(AT) + F'(0),
ij TO
and thus an expression for F”(AT)
AT
F'(AT)=—-C. In (1 + > + F’(0),
ij TO
to be inserted in the expression of entropy
AT
8(eij AT) = Pey + C., In (1 + T) —F'(0),
0

and —F"(0) = &, can be recognized as the entropy per unit volume in the reference condition with ¢;; = 0, AT = 0.
The differential of the last expression reads

C., C..
d5:6d5”+T01+%dT:/8d5”+ T dT
or
T T
dT == Cid(s - 57 dgll

Furhter integration in AT of
AT
F'(AT)=—-C. In <1 + ) -5,
ij TO

gives and expression of funtion F(AT),

F(AT) — F(0) = —C. {(TO +AT)In (1 + ATT> - AT} — 8,AT,

Y
ij
0

that can be used int he expression of Helmholtz free energy, as an example, as show later.

6.1. Linear isotropic elastic medium 33
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Internal energy. The relation between the internal energy and Hemlholtz free energy & = £ — T'S allows to find the
expression of the internal energy per unit volume of an elastic linear isotropic media,

E=F+TS =
T

A 2 A

AT
_ 5OAT + (TO + AT) (ﬂ&'” + Cal_j ln <1 + T) + 50) =
0

A
= €€ T+ 5 (Ekk)2 + BTpeps + C AT + F(0) + Ty, ,

so that the reference internal energy and reference Helmholtz free energy can be recognized as

Fo=F(0) ) Eog=F o+ 1S, ,

In order to write the differential of the internal energy w.r.t. its natural independent variables & (e; S ), the temperature
difference must be written as a function of strain and entropy. Using relation todo, and performing derivatives of the

composite funciton &(g;;, AT (¢;;, 5))
OAT OAT
20 de 4+ (E2) as| =
(5or) e (%), ]

ij

17

o0& o0&
o (2) aoe(25)
AT ij

= (2pes; + Aegpdiy + BTo0y;) deyy + C. |

BT T

€ij €ij

]

i.e. we found what we should have expected, i.e.

d& = 0,;dey; +TdS

” <W> _<85>
t Og;; " O, s

)
28 ).

K

oF
i (aT)%

and thus

T

Fix admonition reference

Isotropic tensor

An isotropic tensor is a tensor whose components do not change after a rotation of the vector basis. todo Examples,...

Rank-2 isotropic tensor

The most general expression of a rank-2 isotropic tensor is proportional to the rank-2 identity tensor, and can be written
in a Cartesina basis using the Kroeneker delta,

al = ad;e; ®e; .

todo Proof
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Rank-4 isotropic tensor

The most general expression of a rank-4 isotropic tensor can be written using a Cartesian basis as
D=D,é;®¢;®e,®¢,
where
D, = ad;;04 + 00,105 + ;05

i.e. depends on three possible combinations of rank-2 identity tensor, with 3 scalar parameters, a, b, c. In isotropic
relation between symmetric tensors, A,; = Aj;, By, = By, only two parameters are enough since
Aij = Dijlekl =
= ((ngékl + b52k5ﬂ + Céiléjk) Bkl =

=ad;; By + (b+c)B;; ,
having used (1) the symmetry of tensor B, B, = B, ;.
References.

* Fluid Mechanics, R. Fitzpatrick, University of Texas, Austin

* P.G. Hodge, On Isotropic Cartesian Tensors, 1961, The American Mathematical Monthly

6.2 Beam models

6.3 Beam structures

6.2. Beam models 35
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CHAPTER
SEVEN

INTRODUCTION TO FLUID MECHANICS

Statics and definition of fluids, as medium that has no shear stress at rest.
Kinematics
Dynamics
Models:
— Incompressible flows
» Governing equations, theorems and regimes of motion
- Inviscid
- Irrotational
— Compressible flows
+ Inviscid

39
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CHAPTER
EIGHT

STATICS

The behavior of continuous medium in static conditions can be used to define a fluid.

Definition 8.1 (Fluid)

A fluid can be defined as a continuous medium with no shear stress in static conditions. Thus, the stress tensor of an
isotropic fluid under static conditions reads

Ts = —pl,

where p is pressure. (todo mechanical? Thermodynamical?)

41
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CHAPTER
NINE

CONSTITUTIVE EQUATIONS OF FLUID MECHANICS

9.1 Newtonian Fluids

A Newtonian fluid is the model of a fluid as a continuous medium whose stress tensor can be written as the sum of the
hydrostatic pressure stress tensor —pl - the only contribution holding in stafics - and a viscous stress tensor S

T=—pl+5S,
and the viscous stress tensor is isotropic and linear in the first-order spatial derivatives of the velocity field,
S=2uD+ AV -u)l, 9.1

being i, A the viscosity coefficients, and D the strain velocity tensor (1.4). Thus, the definition

Definition 9.1.1 (Newtonian fluid)

A Newtonian fluid is a continuous medium whose stress tensor reads

T =—pl+2uD+ (V- @)l . 9.2)

Note: The expression (9.1) of the viscosity stress tensor is the most general expression of a 2-nd order symmetric
isotropic tensor proportional to 1-st order derivatives of a vector field.
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CHAPTER
TEN

GOVERNING EQUATIONS OF FLUID MECHANICS

10.1 Newtonian Fluid

The differential conservative form of the governing equations of a Newronian fluid directly follows from the expression
(2.1) of governing equations of a continuum medium in differential form,

8—+V() 0

ot

0 L .

gy (pU) + V- (pi®@V) =pg+V-T

0

= (pe') + V- (pe't) = pg - 5+ V- (T-8) = V- G+ pr

using the expression (9.2) of the stress tensor of a Newtonian fluid,
T=—pl+2uD+ XV -0)l,
a constitutive equation for conduction heat flux ¢, as an example Fourier’s law
qg=—kVT,
and the required state equations characterizing the behavior of the medium linking thermodynamic variables (assump-

tion of local thermodynamic equilibrium todo discuss this principle), and required to get a well-defined mathematical
problem, with the same number of equations and unknowns.

Example 10.1.1 (Equations of state)

As an example, the required equations of states need to provide and expression of thermodynamic quantities as a function
of the dynamical physical quantities. This could be quite a common choice in numerical methods using conservative form
of the equations. Namely, defining momentum and total energy per unit volume

mi=puv Et ::pet7

equations of state should provide the expression of pressure p, temperature 7', viscosity coefficients u, v and thermal
conductivity k as functions of “dynamic quantities” p, m, E¢,

p(p,m, E)
T(p, i, E*)
p(psm, EY)
Ap, i, EY)
k(p, i, EY)

45
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Usually, in thermodynamics pressure and temperature can be written as functions of other two thermodynamic variables,
as an example density p and internal energy (per unit mass)

B> _ E' 1w
e=e —— = — — —
2 p 2 p?
so that - avoiding here notation abuses and using two different symbols for functions with different independent variables
representing the same physical quantity -,

Et 1 |m|?

I —TI(p = -1 ) = 7, Bt
(pye) (p, S T ) p(p,m, EY)
Et 1 |m|?

S =0 (p,— -1 ) =T(p,m, B
(pye) (p, PR ) (p, 7, EY)

10.2 Derived quantities

Balance equations of kinetic energy and internal energy readily follows from balance equations of continuum media in
covective form.

Kinetic energy.

Internal energy.

De

=(—pl+2uD+ AV -O)): V=V -G+ pr =

= —pV-T+2uD: D+ ANV -5)% —V -G+ pr

Details

todo

Entropy equation. The first principle of thermodynamics for non-reactive fluid, with no electric charge and other pro-
cesses, provides the expression of the differential of entropy as a function of internal energy and density, s(e, p)

P

P 1
de:Tds+?dp , dS:TdefT—dep,
and thus the balance equation for entropy directly follows from the evaluation of the material derivative of entropy field,

exploiting balance equations of mass and internal energy

Ds_ 17D PDr_
"ot T "Dt T ) Dt
1 P
:?[fpV'ﬁJrQu[D:|D+)\(V-17)2—V~(j'+prfE(fpvwf)) =
1
:T[ZMD:D+A(V~17)2—V-Q’+pT]:
2uD: D+ ANV -9)? §-VT q ro
AT G o (0,
_2uD: D+ \(V-9)?  K[VT)? q pr
- T T _v'(T>+7'
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Details

T T T2

Second principle of thermodyanamics and continuum mechanics. Second principle of thermodynamics implies some
constraints on the behavior of continuous media, and thus on the contitutive equations. Namely, Clausis statement of the
second principle reads

q vV-q ¢q-VT
v (L)Y

oQ
> =
s > =,

i.e. the variation of entropy is greater or equal to the ratio of the heat flux added to the system and the temperature of the
system itself. This can be written for a simple homogeneous system, or for a composite systems where physical quantities
are not homogeneous in space todo ref

Integral form of balance equation of entropy of a system reads

s d / / 2uD : D+ ANV -9)2  kVT)? ?{ 7 - / pr
—_— = — ps = + — — - -n+ —,
at ot ), v, T T2 Fy T L, T

t

and Clausius statement of the second principle implies

d q 2uD : D Y LIV T2
ng/ps— _% gﬁ+/ﬂ :/{ M +>\(V U) n |V2‘ },
L, v, T v, T v, T T

and, since this must hold for any volume V, and state of the system - namley every velocity and temperature field - and
thermodynamic temperature is positive, it follows that

p>0 , A>0 , k>0

Example 10.2.1 (Sign of physical quantity)

todo pay attention, that temperature, viscosity ccoefficients and thermal conductivity have physical dimensions...explain
the meaning of positive physical quantities (scalar, w.r.t. a unit of measurement)...

10.2. Derived quantities 47
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CHAPTER
ELEVEN

NON-DIMENSIONAL EQUATIONS OF FLUID MECHANICS

If p(P,s),

Dp L

o FPVoe=0

Dv R .
pﬁZpg+V-(—pﬂ+2,u[D+)\(V-v)|])
De! )
p?‘;—pg G4V (T-3)—V-G+pr
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CHAPTER
TWELVE

INCOMPRESSIBLE FLUID MECHANICS

Chapter of a introductory course in incompressible fluid mechanics:

* statics

* kinematics

* governing equations

* non-dimensional equations

* vorticity dynamics

* low-Re exact solutions

* high- Re flows, incompressible inviscid irrotational flows:
— vorticity dynamics and Bernoulli theorems
— aeronautical applications

* boundary layer

* instability and turbulence

12.1 Navier-Stokes Equations

The kinematic constraints (link to Non-dimensional Equations of Fluid Mechanics?)
V-i=0

replaces mass balance in the governing equation and implies % = 0, i.e. all the material particles have constant density
in time.

If...

(12.1)

p 2L+ V)] — uV%i+ VP = pg
V-i=0

with the proper initial conditions, boundary conditions and - if required - compatibility conditions.
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Compatibility condition
A compatibility condition is needed if the velocity field is prescribed on the whole boundary OV of the domain V,

ul  =b,.

oV

i
ov

to ensure that the conudary conditions are consistent with the incompressibility constraint, as it is readily proved using
divergence theorem on the velocity field in V,

oE/v-a:f 17-ﬁ:7§ bon.
V =0 oV oV

The compatibility condition reads

>

:0’

12.2 Vorticity

A dynamical equation for vorticity @ := V X 4 reailty follows taking the curl of Navier-Stokes equations (12.1)

Do

2 = (@ V)i A, (12.2)

i.e. vorticity can be stretched-tilted by the term (& - V), or diffused by the term vAQ.

12.3 Bernoulli theorems

For an incompressible fluid, the advective term (4 - V) - 4 can be recasted as

U
2 )

=12
(ﬁ-V)-ﬁzo’Jxﬁ+V| |
so that the momentum equation in Navier-Stokes equations (12.1) for fluids with uniform density p reads
|

o
o axi+ VY| AT+ VP = 5. (12.3)

P ot 2

Starting from the form (12.3), different forms of Bernoulli theorems are readilty derived with the proper assumptions.

Theorem 12.3.1 (Bernoulli theorem along path and vortex lines in steady flows)

In a steady incompressible inviscid flow with conservative volume forces, § = —Vx, the Bernoulli polynomial is constant
along path (everywhere tangent to the velocity field, #(7) || %(7*)) and vortex lines (everywhere tangent to the vorticity
field, £(7) || @(7)), i.e. the directional derivative of the Bernoulli polynomial in the direction of the velocity or the vorticity
field is identically zero,

. a2 P
P () S
2 oy
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The proof readily follows taking the scalar product with a unit-norm vector ¢ parallel to the local velocity or vorticity, and
noting that ¢ - 4 x & is zero if either ¢ || Yor ¢ || &.

Theorem 12.3.2 (Bernoulli theorem in irrotational inviscid steady flows)

In a steady incompressible inviscid irrotational flow with conservative volume forces, g = —Vx, the Bernoulli polynomial
is uniform in the whole domain, since its gradient is identically zero
af* | P

o R PR )
2 p

Theorem 12.3.3 (Bernoulli theorem in irrotational inviscid flows)

In an incompressible inviscid irrotational flow with conservative volume forces, § = —V, the Bernoulli polynomial is
uniform in the connected irrotational regions of the domain - but not constant in time in general - , since its gradient is
identically zero

0 u> P 0 u? P
v ﬁﬁ-&‘f‘*‘i‘){ =0 — —¢+M+—+X:C(t).
p ot 2 P

being ¢ the velocity potential used to write the irrotational velocity field as the gradient of a scalar function u = V.

Note: The assumption of inviscid flow is not directly required if irrotationality holds. Anyway the inviscid flow assump-
tion may be required to make irrotationality condition holds. Lookinig at the vorticity equation (12.2) the assumption of
negligible viscosity prevents diffusion of vorticity from rotational regions to irrotational regions.

Note: A barotropic fluid is defined as a fluid where the pressure is a function of density only, P(p). For this kind of
flows it’s possible to find a function II so that

dpP
dll = — .
p

The results of this section derived for a uniform density flow hold for a barotropic fluid as well, replacing % with II.

12.3. Bernoulli theorems 53
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CHAPTER
THIRTEEN

COMPRESSIBLE FLUID MECHANICS

13.1 Compressible Inviscid Fluid Mechanics

13.1.1 Shocks
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