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This material is part of the basics-books project. It is also available as a .pdf document.

Contents.

Linear Algebra. ..., matrix factorization,...; basics of lots of numerical methods; Vector and Tensor Algebra
provides the mathematical framework for manipulating vectors and tensors, the mathematical objects meant to
represent absolute quantities - invariant under coordinate transformations - fundamental in geometry and physics.

Multivariable Calculus provides the tools for working with continuous functions of many variables; Differential
Geometry studies smooth curves, surfaces, volumes (and manifolds in general), within the framework of a Rie-
mann structure, providing a metric to define distances, angles, curvatures and other geometric properties; Vector
and Tensor Calculus studies vector and tensor fields defined on a manifold, along with their differentiation and
integration, and thus being essential for a mature approach to geometry and physics;

Functional analysis and Complex Calculus (complex analysis, transforms,...)
ODE:s
PDEs

Calculus of Variations: theoretical background; Lagrange multiplier method for constraints; sensitivty; gradient-
based methods,...

Optimization
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CHAPTER
ONE

MATRICES

A € K™" with usually K™" = R™"™ or C"™"

Hermitian matrix. The Hermitian matrix A* of a matrix A is the transpose and complex conjugate matrix (if K = C),

[A*]ij = Aj

Jio

with the notation of a* for the complex conjugate of a numerical quantity.

1.1 Subspaces

1.1.1 Range, Image

R(A)={yeK™[Ix e K™, st Ax =y}

The range of a matrix A is the linear space built on the columns of A, since the operation Ax represents nothing but a
linear combination of the columns of matrix.

1.1.2 Null, Kernel

K(A) = {x € K" | Ax = 0}

1.2 Theorem

1.2.1 Orthogonality of R(A) and K(A*)
The following holds,
R(A) L K(A*),

meaning that Vu € R(A) and Vv € K(A*), u*v = 0.
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Proof.
u = Ax
0=A%
and thus, premultiplication by x* of the second relation gives

0=x0= x*A* v=u'v.
XA
=(Ax)*=u*

This theorem becomes quite useful, e.g. for constrained linear systems and projections... (e.g. N-S, or other constrained
linear systems...)

todo add links

6 Chapter 1. Matrices



CHAPTER
TWO

Singular Value Decomposition (SVD)

QR
LU
Schur

M =LL",

MATRIX FACTORIZATIONS

Spectral decomposition Eigenvalues, eigenvectors; Jordan canonical formula...

Cholesky Symmetric positive definite matrices have Choleski decomposition,

with L lower triangular matrix. And thus quite easy to “invert”, for solving linear systems.

2.1 Singular Value Decomposition

Singular value decomposition of a matrix A € C™"

with U'U =1, . and V'V =1, . S = diag{o,}, 5, > 0.

Exploiting the definition of matrix product, the SVD of matrix A can be written as

A= Z oWV,
i=min(m,n)
see also economic decomposition below.
2.1.1 Properties
Relation with range and kernel the matrix.
R(A) = {u;|o; > 0}
K(A) = {v;|o; = 0}
R(A") = {v;lo; > 0}
K(A") = {u;|o; = 0}

It’s immediate to prove R(A) L K(A*).




basics - math

Full or economic decomposition. In general the S of the full decompsition in not square.
A = SVD) = U m)Stm,m) Vinm = Ulm o) Sty Viem) -

with k& = min(m, n).

2.1.2 Applications
Solution of under-determined linear systems
Norms and optimization

If L2-norm is used for vector norms, see Example 2.1.1

Find max ||Ax]|?
[Ix]]=1

X"A"Ax = x'VS* U*US V'x
I z

and z = V*x is unitary as well (since 1 = x*x = z*V*Vz = z7z).

After defining S, := S*S, the problem thus becomes

Find max z*S,z
llll=1

Manipulating the objective function as Zi 02|2;|?, the constraint optimization problem has global maximum o3 (sorted
singular values from the largest to the smalles) when z, = (1,0, 0, ...,0)”. Going back to the original variable, optimal
condition

* is achieved for x; = vy;
* has value max _; ||Ax]| = o}
« and the response of the system is y; = o;u; as

y; := Ax; = USV'y, = Z (0,uLVE) V) =00y .
k

Example 2.1.1 (Other norms - variations of the L?-norm)

This kind of problem may results as the discrete counterpart of a continuous problem, as an example from finite element
methods, where X, y contain the coefficients of the basis functions. In this case, the discrete counterpart of the continous
norm-measure of the continuous fields may involve a “mass matrix” (symmetric, definite positive - and thus with Choloeski
factorization. . .),

/ |2 (7)|?d7 ~ x*M,x
o

/ ly(F)PdF =~ y'M,y
Qy

Continuous and discrete optimization problems are

Find max y|?
\m(?’)\Lg(QI):1| |L2(Qy)

Find max X*A*MyAx
x*M_ x=1

8 Chapter 2. Matrix factorizations
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with the relation y = Ax between the discrete input and output.

This problem can be easily (and efficiently?) recast to the standard form of the problem, using Cholesky decomposition of

matrix M, = L L7, with the definition of the variable z = L} x

Find max 'L 'A*L, L; AL, *z
z||=1

This problem can be efficiently solved with iterative algorithms to compute the SVD of the matrix A= L, AL, that
doesn’t need the expensive full inversion of a matrix but only its action on a vector (instead of evaluating the inverse, a
linear system - here triangular! Easier to solve - can be efficiently solved). Algorithms like Arnoldi algorithm evaluates
the largest eigenvalues or singular values(if no options to set other goals) and the corresponding eigenvectors and singular
vectors, alternating power iterations and orthogonalization. Here power iteration to evaluate the action of the matrix
A= L;AL_" on a generic vector z is made of the following steps:

1. solution of the linear system Lia =z — a= ...
2. matrix-vector multiplication b = Aa
3. matrix-vector multiplication ¢ = Ly b

Once the SVD is solved, with z; = v,

_ —%
x; =L,

— J— —%
y1 = Ax, = oL wy

2.1. Singular Value Decomposition 9
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10 Chapter 2. Matrix factorizations



CHAPTER
THREE

LINEAR SYSTEMS

The linear system
Ax=b

with A € R"™", x € R™, b € R™ has solution if there exists (at least) a vector X whose product with A gives b.
Condition for the existence of a solution. A solution exists if b belongs to the range of A.

Uniqueness of a solution. If a solution X exists, it’s unique if the kernel of A is empty, K (A) = (. If the kernel is not
empty,

b=A(X+u) = A% + Au,
=0

for Yu € K(A), and thus an infinite number of solutions exists. Given a vector basis of the kernel K(A), where
dim (K'(A)) = ng, {uy,...,u, }, the general solution has n; “degrees of arbitrarieness”, since the general solution of
the problem is

K
X+ E a;u; =X+ Ua.
=1

todo treat under-, det-, over-determined lin sys

11
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12 Chapter 3. Linear Systems



Part 11

Multivariable Calculus

13






CHAPTER
FOUR

INTRODUCTION TO MULTI-VARIABLE CALCULUS

4.1 Function
4.2 Limit

4.3 Derivatives
4.4 Integrals

4.5 Theorems

4.5.1 Green’s lemma

/—F % Fdx
g 0
)
— Gdy
[ 5
Proof for simple domains.

In a simple domain in z, so that the closed contour 9 is delimited by the curves y = Y, (z), y = Y5(z) > Y (), for

x € [z, 2],
OF @ gp
—dzdy = —dydx =
/&yxy /I_m/ 3yyx
To

— [ Py - P Y] do =

15
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Proof for generic domain

todo
In a simple domain in y, so that the closed contour 95 is delimited by the curves © = X, (y), z = X,(y) > X, (y) for

Y € (Y1, Yals
Xa(y
/—dxdy—/ / —dxdy—
y=y; Yz y)

- / (G(Xa(y),y) — GIX, (y). )] dy =

/ G(X;(y dy+/ G(X5(y),y)dy =
Y1 Y2

= ?gs G(z,y)dy

16 Chapter 4. Introduction to multi-variable calculus
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Differential Geometry

17






CHAPTER
FIVE

INTRODUCTION TO DIFFERENTIAL GEOMETRY

5.1 Differential geometry in £°

5.1.1 Curves

Parametric representation of curve in 3-dimensional (Euclidean) space E°>
7(q)
Differential, d7.
dr(q) = 7'(q) dq -
Arc-length parameter, s. So that ds = |d7(s)| and thus
di(s)] = [F(s)l lds| = [F(s)l=1 = F(s)=1i(s).

Frenet basis. Using arc-length parameter, Frenet basis is naturally defined as the set {f, n, ?)}
* tangent unit vector, £(s) = 7 (s),
* normal unit vector, 7’ (s) = t'(s) =: k(s) n(s), with k(s) local curvature

« binormal unit vector, b(s) = #(s) x n(s)

Using a general parameter, ¢, with some abuse of notation 7*(¢) = 7(s(t)) and indicating () = 4,
S dsdr _ i3
s F=G T =t
ciclio Ly Bl gy e
Cdtdt B dtds

Osculator circle. Circle with R(s) = ﬁ , in plane orthogonal to b(s), passing through 7(s), and thus center in Tol(s) =
7(s) + nR(s). Its parametric representation using its arc-length parameter p, with 7*(p = 0) = 7#(s) reads

7(p) = Tc(s) + R(s) {_ €08 (RZ()S)> ) sim <R](gs))

Its first and second order derivatives w.r.t. the arc-length p evaluated in p = 0, i.e. 7 = 7(s

e first derivative in p = 0,

0], = 0] = [sin (57 ) o)+ cos (5 ) 00

i.e. the osculator circle has the same tangent as the curve in the point.

19
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¢ second derivative in p = 0,

p

0= 7 Oy = g5 <08 (l57) 600 =50 (857 ) 19| = gt = wtoco,

i.e. the osculator circle has the same normal vector and curvature as the curve in the point.

5.1.2 Surfaces

#(q', %)
. 87" or

A third vector by := 7 can be defined so that |n| = 1andn~5i =0,i=1:2.Fori=1:2,k=1:2

aB
so that

. b,
k _ pk . [
I‘ij =b ¢/

Normal vector.

n(q', q*) faF(qqu) ﬁ(q @) = by(q", %) x by(q", ¢?)
’ Oqt 0q?

Tangent plane.

Length of elementary segment.
|d7|? = d7 - dFt =
= (bydg" + Ty de?) - (B, dg* +B,dg?) =
= g11 dq" dg" + 915 dq" dg® + g2, dq* dg" + g5y dg® dg® = g;;dg" dg?

Second order approximation.

oF 27
dq'

90 % T a0

=741, ¢5) + b, dg’ + b, T% dg’ dg? + AT, dg dg?

F(q' +dg*, ¢* + dg®) =T(qy, q2) + dq' dg’ =

so that

[F(¢" +dq', ¢* +dg®) —7(q", ¢*)] - =T};dg" dg/ =

2=
=n-———dq'd¢’ =
" 0q'0q¢? ¢
. 0% &
=n- 8q18]b bkdq b bdq*
kb, . |7 T el 17
- dﬁﬂqd«bk " aqiaqu b 'd_ifbl

Curvature tensor.

20 Chapter 5. Introduction to Differential Geometry
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Vector and Tensor Algebra and Calculus
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CHAPTER
SIX

TENSOR ALGEBRA

6.1 Basis

Definition 6.1.1 (Basis)

Definition 6.1.2 (Reciprocal basis)

In a inner product space, the reciprocal basis of a given basis {b, },_;., is the set of vectors {b, };_1.4» S.t.

bbb, =4t .

a

6.2 Exterior algebra

6.3 Exterior product

Generalization of the vector product

23
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CHAPTER
SEVEN

TENSOR CALCULUS IN EUCLIDEAN SPACES

This section deals with tensor calculus in Euclidean space or on manifolds embedded in Euclidean spaces, focusing on
d-dimensional spaces with d < 3, with inner product.

This section may rely on results of differential geometry.

7.1 Coordinates

A set of parameters {¢”},_;.4 to represent vector (or point) in space,
(q")

iffe EYa=1:d.

In E3,

* Coordinate lines, 2-parameter family of lines, keeping 2 coordinates constant. As an example, coordinate lines
with constant ¢2, ¢3

?1(q1> = ?<q17 q27 q_3) .

¢ Coordinate surfaces, 1-parameter family of surfaces, keeping 1 coordinate constant. As an example, coordinate
surfaces with constant ¢,

F23((]27 q3) = ?(617(]27(]3) .

Definition 7.1.1 (Regular parametrization)

or
If 22 £ 0.

7.1.1 Natural basis

Definition 7.1.2 (Natural basis)

Vectors of natural basis

a’ 8(]0’

25
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Definition 7.1.3 (Reciprocal basis (todo move to Tensor Algebra))
Given a basis {b, },. its reciprocal basis the set of vector {6"}, defined as
bbb, =ab

a

being 0% Kronecker delta.

Definition 7.1.4 (Christoffel symbols)

Christoffel symbols (of the 2" kind) are defined as the components of the partial derivatives of the vectors of a natural
basis w.r.t. the coordinates referred to the natural basis itself,

b, . -

87(]}) - Fab bc (71)

Properties of Christoffel symbols

Exploiting the definition of reciprocal basis, Christoffel symbols can be written as

—

re, =be- gzi :
Symmetry. Symmetry os the lower indices
Tav =Tha s
readily follows Schwartz theorem about partial derivatives
b, 9 or 9 0oF b,

d¢® ~ 0q°dg* D D¢t g

7.2 Fields

Function of the points in space F': E¢ — V7, being V" a space of tensors of order .

7.3 Differential operators

7.3.1 Directional derivative

F@)=F(r(¢") = f(¢)
f(g* + BAq*) = F(7(¢" + BAGY))

26 Chapter 7. Tensor Calculus in Euclidean Spaces
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The directional derivative for an arbitrary vector v € V'

iF(T“ + at)
da 00

is evaluated as the limit for &« — 0 of the incremental ratio

F(i +a9) = F(7) _ f(g" +BA¢) — £(a") _
8] 8] -

10

oA =

= 7 a 9 a

~ 5 B(g >a—qf,<q )=

— 5. VF(#)

~

7.3.2 Gradient

The gradient is the differential operator is the first-order differential operator appearing in the definition of the directional
derivative, VF' (7). It takes a tensor field F'(7) of order r and gives a tensor field VF'(7) of order  + 1. Given a set of
coordinates {¢®},_;.4> the gradient can be written using the reciprocal basis of the natural basis as

= L OF
VF(#) = bb(?)a—qb(?) (7.2)

Examples. ...

Example 7.3.1 (Gradient of a scalar field - with general coordinates ¢%)
Applying the definition (7.2) of gradient operator, it readily follows

oF
0q®

VFE = b2

Example 7.3.2 (Gradient of a vector field - with general coordinates ¢%)

Applying the definition (7.2) of gradient operator, rule for the derivative of a product and the definition (7.1) of Christoftel
symbols to write derivatives of base vectors,

vE =T 0 (F*b,) =

dq®
g ° 0q@
- Fb. -
= e |:(2qabb + F? re, bc] =

I s
=b*®b, [ganngcFC] .

Example 7.3.3 (Gradient of a 2"%-order tensor field - with general coordinates ¢)

7.3. Differential operators 27
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Applying the definition (7.2) of gradient operator, rule for the derivative of a product and the definition (7.1) of Christoftel
symbols to write derivatives of base vectors,

9
0q“
oFt.. by 5 ab 1

VF =t (F*b, ®b,) =

Ba

= B b + Fbc Fbep, Z-¢
aq“ b c+ aq“ c+ baqa

- [OFbe., . S -
be [Wbb b, + FbT4, b, b, + F* T b, bd} =

N . . anc
:ba®bb®bc |:8qu+FZdFdC+FZded:| .

7.3.3 Divergence

Divergence opearator is a first-order differential operator that can be defined as the contraction of the first two indices of
the gradient,

V.F=C2?(VF) .

It takes a tensor field F'(7*) of order » > 1 and gives a tensor field V - F(#) of order r — 1 > 0.

Example 7.3.4 (Divergence of a vector field - with general coordiantes ¢“)

Applying contraction to the gradient of a vector field, it readily follows,
V- (F'%,) = C} (VF) =
- - [OF®
= C? (ba®bb {W +FZCFCD =

9P
= 5

+Ie. F°

Example 7.3.5 (Divergence of a 2"%-order tensor field - with general coordiantes ¢%)

Applying contraction to the gradient of a vector field, it readily follows,

V- (Fb, ®b,) = C} (VF) =
. N N Fbc
=C?} (b“ ®b, ® b, {8 + T, Fde4+T¢, deD =

0q®
7 oF a dc c ad
=1, [Tqa +T%, Fle 4 T¢ F }

28 Chapter 7. Tensor Calculus in Euclidean Spaces
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7.3.4 Laplacian

Laplacian operator is second-order differential operator that can be defined as the divergence of the gradient,

AF =V2F=V.VF.

Example 7.3.6 (Laplacian of a scalar field - with general coordinates ¢“)

V.VF=C2[V(VF) =

OF
ab ad Fb
A (9 3qa> 9 e ge

oF ) oF
b ad b
a + Fc :| } =
q° (g 0q® g 4 9qa

OF

Example 7.3.7 (Laplacian of a vector field - with general coordinates ¢%)

V.-VF =

C2 [V (VF)| =
-t fofon (3 o))
~a{v [n (aF"+rb )]} =
=CH{V - ((VF)*Db,)} =
_ ¢ { [ (vE)? rgd(VF)durgd(VF)cdH
=b, [aqa) re,(VF)® +18, (VF)ad} =.

7.3. Differential operators

29
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7.3.5 Curl

7.4 Integrals in £9,d < 3

7.4.1 Line integrals

Density
Integrals

/MF@)

represent the summation of contributions F'(7*) over elementary segments of path -y, whose dimension is |d7|, i.e. im-

plicitly means
/ F) = / F(7) |dr| .
TEY TEY

Given a regular parametrization of the curve 7(q') (with increasing ¢! so that |dg*| = dq'), and the differential d7* =
=/

7 (q") dq", the integral can be written as an integral in the parameter ¢
a
[ @t
7=q5
with 7*(g. ), 7(g; ) the extreme points of path ~.

Work

Integrals

implicitly mean

/FEWF(T")'Z(F)—/}@F(F)'f(?)ldfl :j F(7) - dF,

ey
dit
|d7|*
differential d7* = 7’(q') dq', the integral can be written as an integral in the parameter ¢!

ast = Given a regular parametrization of the curve 7#(¢') (with increasing ¢! so that |dg¢'| = dgq'), and the

/ h F(r(q")) -7 (q") dg'

=g}

7.4.2 Surface integrals

Given two coordinates q', ¢* describing a surface, 7(q*, ¢*) the elementary surface with unit normal reads

ﬁdSzd?lxdFQ:%xg—;dql 2,

and the elementary surface thus reads

18| = [7dS| = |25 x 2 44t ag?
o~ Oq

30 Chapter 7. Tensor Calculus in Euclidean Spaces
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Density

Integrals

/;esF(”

/%S F(7) = /FES F(#)|dS| .

Given regular parametrization of the surface, 7(¢*, ¢?), (¢',¢?) € Q'2, the integral can be written as the multi-
dimensional integral in coordinates ¢*, g2,

implicitly mean

o oF
F(7) = / F(F(gh ) | on x 22 gt dg?
/7‘65 (q',g?)eQ!? d¢'  d¢?
Flux

Integrals

implicitly mean
| at)F@ = [ a6 FEas)
resS resS

Given regular parametrization of the surface, 7(¢*, ¢?), (¢',¢?) € Q'2, the integral can be written as the multi-
dimensional integral in coordinates ¢*, g2,

or or
n(r) - F(7) =/ =1 X = - F(7(¢",¢%)) dq" dg®
/FES (q*,q?)eQ*? d¢' ~ 0¢?

7.4.3 Volume

or or or

1 2 3
“ o og <o AT

Density

Integrals

Lo

/W F(F) = /%V F()|dV] .

Given regular parametrization of the volume, 7(¢*, ¢2, ¢*), (¢%,¢% ¢*) € Q, the integral can be written as the multi-
dimensional integral in coordinates ¢*, ¢2, ¢°,

implicitly mean

or or or
F(7 dV:/ F(#(q, ¢%,¢®) | == - = x == dq* dq? dq?| .
[ PNV a9 |5 5 *

(q',92,4%)€Q

7.4. Integralsin £4,d <3 31
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7.4.4 Theorems

Two useful lemmas

Il prossimo lemma ¢& alla base dei piti rinomati teoremi della divergenza e del gradiente: la dimostrazione di questi due
teoremi si basa su un facile uso ripetuto di questo lemma. Data la facilita di questo lemma e la sua frequente applicazione
nella scrittura di bilanci e in generale di integrazione per parti, ¢ molto conveniente ricordarsi questo semplice risultato.

Theorem 7.4.1 (Lemma 1.)

Sotto le ipotesi del teorema di Green nel piano,

Proof

Si segue un ragionamento molto simile a quello utilizzato per la dimostrazione del lemma di Green nel piano. Per 0A/0z:

P o= Fo(2,y)
/Va //mey —dzdxdy—
==J/[14Cr7y,jb(x,y))-14CE,y,f1(r,y))hixdy
R

Il passaggio pill complicato & nel passare dall’integrale in (z,y) € R all’integrale sulla superficie .S, bordo del volume V:
I'elemento infinitesimo d R di area nel piano-xy ¢ uguale a dR = dxdy; il disegno e la dimostrazione fanno riferimento
a un volume \textit{semplice} (come nel caso di lemma di Green nel piano, ¢ possibile generalizzare i risultati ottenuti
per domini di forma generica): & possibile suddividere la superfice S nelle due “semisuperfici” S* : z = fy(x,y) e
S™z = fy(z,y) taliche St U S~ = S e che la normale, uscente dal volume, abbia componente in z positiva e negativa
rispettivamente (ST : -z > 0, S~ : h-Z < 0). La superficie elementare dR & inoltre la proiezione dell’elemento di
superficie d.S sul piano-xy: in generale d.S non sara parallela al piano-xy e quindi sara maggiore di dR. Non ¢ difficile
dimostrare che

dSz-n suSt

dzxdy = dR = .
—dSz-nh suS”

Si puo quindi ora continuare nella dimostrazione

/Mm%ﬁww»—Mm%huwmmwz
R

:/ Ah-‘zdS—&-/ An -2dS =
5+ 5-
:jl{AAz-hdSZ

S
:?{AnzdS

S

Come il lemma precedente ¢ alla base della dimostrazione dei teoremi di gradiente e divergenza, il lemma successivo &
alla base della dimostrazione del teorema del rotore.

Theorem 7.4.2 (Lemma 2.)
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Sotto le ipotesi del teorema di Green nel piano.

/[V X ()] = fAdmi
S Y

Proof

Per Ae,, V x (Ae,) = 0A/0Ze, — 0A/Oye,. Siscrive la superficie S in forma parametrica come: r = 2%, + ye, +
z(z,y)e,. Il vettore Jr/dyje, + 0z/dyje, & parallelo alla superficie S e quindi perpendicolare alla normale h:

0:h-<‘ey+%ez>

Scrivendo [V x (Aey)] -1

" . 04, . 04, . 0A 0z 0A7. .
[V x (Ae))]-h = Eey~n—a—yez~n:— [Eafy—l-afy} e,-h
Se si riconosce %’;@W — %g—; + %, si puo scrivere:
0A 0A
o s Y TR—dedy rR %Y gl

Gradient theorem

...todo assumptions...

[er-4,»

Proof for simple domains V/
This result immediately follows from Lemma 1 Theorem 7.4.1

ngfa:@fgvm=:Ez-/vaif:/v@aif=/va,

having (1) exploited the freedom to put unit vectors of the Cartesian basis inside the integrals, as they’re unifrom - constant
in space -, and (2) recognized the expression of the gradient of a scalar field expressed using Cartesian coordinates, as
shown in Example 7.5.1.

Divergence theorem

...todo assumptions. ..
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Proof
This result immediately follows from Lemma 1 Theorem 7.4.1

ﬁ;ﬁﬁﬁ;m%éanxﬁfﬁ

having (1) exploited the freedom to put unit vectors of the Cartesian basis inside the integrals, as they’re unifrom - constant
in space -, and (2) recognized the expression of the divergence of a vector field expressed using Cartesian coordinates, as
shown in Example 7.5.4.

Curl theorem

...todo assumptions...

Proof

This proof seamlessly follows from Lemma Theorem 7.4.2, applied to all the Cartesian contributions of the vector field
F=ri+fi+f.z,

as

7.5 Tensor Calculus in Euclidean Spaces - Cartesian coordinates in
E3
Using Cartesian coordinates (¢*, ¢%, ¢°) = (r, 0, z) and Cartesian base vectors (uniform in space, so that their derivatives

are zero), a point in Euclidean vector space £ can be represented as

T=sZ+yy+zz.

7.5.1 Natural basis, reciprocal basis, metric tensor, and Christoffel symbols

Cartesian coordinates in Euclidean spaces are a very special coordinate system, with reciprocal basis everywhere coin-
ciding with natural basis, with uniform basis in space (zero second-order derivative of space w.r.t. coordinates, and thus
zero first order derivative of base vectors, and thus identically zero Christoffel symbols), and components of the metric
tensor equal to the identity matrix

b, =b' =2
bQZbZZZ?

10 0
[90) = [9°°] = [0 1 0]

0 0 1
re, =0 , Va,b,c=1:3.
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7.5.2 Differential operators

Gradient

Example 7.5.1 (Gradient of a scalar field)

VF =38,F +§0,F+20,F,

Example 7.5.2 (Gradient of a vector field)

VF=V(F,2+Fj+F,2) =

=I®10,F, +2®y0,F,+T®20,F,+
®20,F, +J@y0,F, +7J®Z0,F,+
®10,F,+2Ry0,F,+2®20,F,+

+ +
Wy )

Example 7.5.3 (Gradient of a 2"%-order tensor field)

Directional derivative

Divergence

Example 7.5.4 (Divergence of a vector field)

V-F=V.-(F,i+F,j+F,z2) =
=0,F, +0,F,+0,F,.

Example 7.5.5 (Divergence of a 2"?-order tensor field)

V- -F=V-(F,,®¢) =

=é, %1; ab

=2 [0,F,, +0,F,, +0.F,,|+
+y [amey + 8yFyy + 8zey] +
+2[0,F,.+0,F,, +0.F,.] .

7.5. Tensor Calculus in Euclidean Spaces - Cartesian coordinates in £3
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Laplacian

Example 7.5.6 (Laplacian of a scalar field)

V2F = 0,,F +,,F +0,.F

Example 7.5.7 (Laplacian of a vector field)

7.6 Tensor Calculus in Euclidean Spaces - cylindrical coordinates in
E3
7.6.1 Cylindrical coordiantes and cylindrical coordinates

Using cylindrical coordinates (¢*, ¢%,¢®) = (7,6, z) and cylindrical base vectors (uniform in space, so that their deriva-
tives are zero), a point in Euclidean vector space E® can be represented as

F=rcosfZ+rsinfy—+z7.
7.6.2 Natural basis, reciprocal basis, metric tensor, and Christoffel symbols

Natural basis

Natural basis reads

- or or . A
b, = a—rl = a—r =cosfz +sinfy
q r
b or or sinfZ + rcosfy
=——=—=-r T+
2T 92 " 90 4
- or ar
= e— = — =7
37 0¢3 0z
Metric tensor
Covariant components of metric tensors,
Yap = za Bb ’
can be collected in the diagonal matrix
1 0 0
[gab] =10 72 0 ’
0 0 1

while its contra-variant components can be collected in the inverse matrix (easy to compute, since [g,;] is diagonal),

1 0 0
(9] = [0 & o].
0
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Reciprocal basis

Reciprocal basis is readily evaluated using be = g T)b,
b =cosfZ +sinf
- 1 .1 -
b? = —Zsinf2 + — cosfj
r r

b=z
Physical basis
Since metric tensor is diagonal, the cylindrical coordinate system is orthogonal, and its natural and reciprocal basis are

orthogonal. A unit orthogonal basis, usually named physical basis with unit vector with no physical dimension, is evalated
by normalization process,

R T L
T=b=—=—7=cosfZ+sinfy
m 9
A~ s b b PR -
ezbzzizﬁz—smex—kcosey
92 97
~ 2 b b -
933 g

Derivatives of natural basis and Christoffel symbols

Derivatives of the natural basis read

b, =
gt "
%:—rcosﬁi—rsinegz—qlzl
q
by
o "
8?52 851 . ~ ~ 1"
Do _ 1 Gng 05 = — b
9q! o sinf x + cos 0y 7 2
oqt  0¢3
0¢>2  0¢3

so that non-zero Christoffel symbols of a cylindrical coordinate system are
1

F%2 = F%l = !

F%2 =—q".
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7.6.3 Differential operators

Gradient

Example 7.6.1 (Gradient of a scalar field)

LoF g1oF _or
or 00 " “oz

Example 7.6.2 (Gradient of a vector field)

7a 7 8Fb b c
=0 @b, 0, F* +0 @by [0, F% +T23,F?]  +0' @by 8, F3
+ 02 @b,y [0,F" + T3, F?] + 02 @by [0,F2+ T3 FY  + 0> @by 0,F3
+ 0 @b, 05 F! + 1P ® by 05 F? + 13 @by 05 F3

PO L1 PO
=rQ®T7T0,F, +T®9;[8,,(7"F9)+F9] +7T®Z0,.F,

S 1 . A F, F, S 1
+0®F = [0yF, — rEy] +9®6[89(—9)+—T} +0®2-0,F,

T T T T
~1

+2@70,F, +200-0,F, +2®20,F, .

Example 7.6.3 (Gradient of a 2"?-order tensor field)

Directional derivative

Divergence

Example 7.6.4 (Divergence of a vector field)

or*

V-F= +Te F¢ =
0q°
_ OF, 2(@) &+8FZ
9r 90\ r r 0z
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Example 7.6.5 (Divergence of a 2"?-order tensor field)

Laplacian

Example 7.6.6 (Laplacian of a scalar field)

Example 7.6.7 (Laplacian of a vector field)

7.7 Tensor Calculus in Euclidean Spaces - Spehrical coordinates in
E3

Using spherical coordinates (¢!, g%, ¢*) = (r, ¢, §) and spherical base vectors (uniform in space, so that their derivatives
are zero), a point in Euclidean vector space E> can be represented as

F=rcosfsingpZ + rsinfsingy +rcos¢z.

7.7.1 Natural basis, reciprocal basis, metric tensor, and Christoffel symbols
7.7.2 Differential operators

Gradient

Example 7.7.1 (Gradient of a scalar field)

Example 7.7.2 (Gradient of a vector field)

Example 7.7.3 (Gradient of a 2ne_grder tensor field)

7.7. Tensor Calculus in Euclidean Spaces - Spehrical coordinates in E° 39
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Directional derivative

Divergence

Example 7.7.4 (Divergence of a vector field)

Example 7.7.5 (Divergence of a 2"?-order tensor field)

Laplacian

Example 7.7.6 (Laplacian of a scalar field)

Example 7.7.7 (Laplacian of a vector field)

40
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CHAPTER
EIGHT

TIME DERIVATIVE OF INTEGRALS OVER MOVING DOMAINS

Some results about time derivatives of integrals over moving domains are collected here. These results are useful for
writing balance equations of physical quantities in integral form over arbitrary domains, like:

¢ integral form of balance equations in continuum mechanics, see Continuum Mechanics:Governing Equa-
tions:Integral balance equations for arbitrary domains

* integral form of Maxwell’s equations governing classical electromagnetism, see Electromagnetism:Principles of
Classical Electromagnetism:derivation of balance equations for arbitary volume, starting from equations for a con-
trol volume

Link to hand-written notes.

8.1 Volume density

Reynolds transport theorem. Given a volume V' (¢) with boundary OV (¢), whose points 7 € 9V (t) have velocity vy,

il =g,

“Proof”

1
f(#t)dt = lim — / f@t+ At) — fE )| =
/ A0 AL | gy ag) o(t)

.1 a H "
“dmgy | [ U soseoe [ o) <

o of o

N Alirgo At /U(t) {At 5(7“7 t+ O(At)} - ng(t) 1AED, R 1(7,1) + o(A0))
of .

~ Dy Ot + fv”'n
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https://basics2022.github.io/bbooks-physics-electromagnetism/ch/principles.html#principles-in-integral-form-electromagnetic-equations-and-galilean-relativity
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8.2 Flux across a surface

“Proof”
d = . . 1 P s R ~
—/ f@#t) - ndt = lim — / f@t+ At) - n(F t + At) — f@ ) -n@t)| =
dt Jy At=0 At | iy ap s(t)
~ fim = / FEt+ A -AF t+ A — [ f(7 1) -0, t) +
At=0 At | e an) s(t)
7/ FEt+ AL -7 / Fit+ A - (m)]
s(t)
1 af . L
= lim At— -n+ o(At) + f f-n— Atf -t x 0, | =
A0 At l ot DAL AL) 9s(t) ’
of - .

= +/V~fﬁb~ﬁ— By x f-1
s(t) ot s Os(t)

having used

jé f~ﬁ=/ V-f:At/V-fﬁ-ﬁb—i—o(At)
OAv(t;At) Av s

8.3 Work line integral along a line

d N 0
- ft: f t+/ fo 'bet+fB 'UB fA UA
dt 0(t) 0(t)
“Proof”
1/ @) -1(F t)dt = lim 1 / FEE+ A L+ A — [ (7)1 | =
dt 0(t) ’ ’ At—0 At (t+At) o(t) ’ )
.1 /
= lim — i t+ AL - 17, t+ At) — / (@ t) - H(F, 1) +
At—0 At (t+A1)
—/ *(?,t+At)~z?(7~,t)+/ f#t+ At - 17| =
0(t) £(t)
1 of .
= lim — At — (7t + At) - L(7,t + A
At0 At /e<t+At> tat<r’t+ t)-HF 4+ At

+j[ FE ) - EF ) — Atf - Ty + Atfg - Bg + o(Al)
0As(t)

:/ - t+/ VX f Oy xt+fg-Op—fa 04-
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having used

/ ﬁ~V><f':At/V><f-z7b><f+o(At)
As (4

8.3. Work line integral along a line

43
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CHAPTER
NINE

INTRODUCTION TO FUNCTIONAL ANALYSIS

» Lebesgue integral
e LP  HP function spaces

* Banach and Hilbert spaces
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CHAPTER
TEN

Dirac’s delta § () is a distribution, or generalized function, with the following properties

1.

/5(x—x0)dx:1 ifxg €D
D

/f(a?)é(x—xo)dx ifxg €D
D

for V f(x) “regular” todo what does regular mean?

10.1 Dirac’s delta in terms of regular functions

10.1.1 Piece-wise constant

L oael-5.4]

otherwise

5(‘T) ~ Ta(x> = {

Properties - proof.

1. Unitariety

00 zo+5 1
/ re(x—xo)dx:/ —dr=1,
T=—00 93*:607% €

for Ve;

2. Shift property, using mean-value theorem of continuous functions

DIRAC’S DELTA

(10.1)

(10.2)

%) To+S
[ re—mp@de= [T e =2er©).

€ 9
02

with ¢ € [zy — 5,2, + 5], for the mean value theorem. As ¢ — 0, £ — x, and thus

| e f@yds - sy
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10.1.2 Piecewise-linear

otherwise

2(p 2y oo ¢
5($)Nts(x)={8(l 2) zel-5.3

Properties - proof

1. Unitariety

> Tt 9 2 12
/ ts(x_xo)dx:/ E<1_|;E|) dCU:EEg:].a
T=—00 T=x0—5

for Ve;
2. Shift property, using mean-value integration scheme in z € [z, — 55 Ty, € [mg, 1y + %} (todo why?)
> Tot3 9 2z —
/ ts(x—xo)f(x)dx:/ - (1—|x$0|) flz)dz =
T=—00 T=x5—5 € €
zg 2 9 Tot3 o AN —
7/ (1 i x0|) (@) da:+/ = (1 M) fla) dz =
£ € _ € €
T=T(o—§ =2
€2 2¢ € €2 2¢
=——|1—- d ——(1—- ) dx =
25( €4>f<:170 4) x+2€( 4>f(x0+4 x
1 € 1 €
2! (0= 3) + 37 (m+ )
Ase =0

[ tla—ai@ s fa)

10.1.3 Gaussian approximation

For oo — 400,

Properties - proof

Fourier transform of ¢, () reads

Floa@)) = [ pula)e e do =

+oo o , ]
:/ \/7€—az e—zkm dr =
T=—00 m
+oo
= \/a/ efo‘<m+i%>2 dx 67% =
T Jp=—oo
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for  — +o0,

F{pa(@)i(k) =1

Fourier transform of Dirac’s delta is 1, as shown in (13.3), thus ¢ (z) — §(z) for « — 4o0.

10.1.4 Fourier anti-transform

For a — +o0,

+a 1 2ma
o(xz) ~ / eI dy = — / etk dk
y=—a 2m k=—2ma

or

0~ 2/ cos(2myx) dy .
y=0

Proof of the equilvanece

(10.3)

1 2ma 1 0 . k=2ma ) 1 2ma ) ) 1 2ma
§(z) ~ — etk dqf = etk df + ekrdl | = — (etkz 4 etk gy = = cos(kx) dk
2 2
T Jk=—2ra m k=—27a 0 T Jk=0 T Jr=0
+a a ) a
= / ePmYT dy = ... = / (eP2mYr 4 2TV dy = 2/ cos(2myz) dy .
y=—a y=0 y=0

10.1.5 sinc(z) approximation
For a — +o0

sin(27za)

o(x) ~

T

Proof

Directly follows from integral of the approximation (10.3)

+a i2rar __ ,—i2mwax :
¢y gy — 1 €i2ﬂy$‘+a _le e sin(27za)
12T y=—a 7 21 T

y=—a
10.1.6 Fourier series
For x € [—7, 7|, and N — +o0, Fourier series of Dirac’s delta (train with period 27) reads

N in Dy

o2 sin (%)

or the T-periodic Dirac’s delta train,

n=—N

todo Write the proof of the last expression, using the relation between complex exponentials and cosine and sine

10.1. Dirac’s delta in terms of regular functions
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Proof

Coefficients of the Fourier series of Dirac’s delta (train with period T' = 27) are evaluated using the expression (13.2)

I o 2m 1
S(tye it = —

c, = —
7 21

and thus the complex Fourier series (13.1) of Dirac’s delta reads
+00 1 +oo
in2ty & 3
(5(33) ~ Z c,emTT = 5 Z eine
n=—oo n=—oo

Obs. here, integration interval [—m, 7| to “avoid troubles” with Dirac’s delta on the extreme points of the interval (it
would give 1/2 and 1/2 contributions on both extremes...)

It’s possible to write the T'-periodic Dirac’s delta train as

+00 1 +00
T c,€ T e

n=—oo n=—oo

+oo

Integral /= [ “e o o

+o0 +o0
I? = / e dg / e’ dy =
T=—00 Yy=—00
+o0 +o0
- / / e @) do dy =
r=—00 Jy=—00
2m +o00
= / / e rdrdf =
0=0 Jr=0
1 +o0o

S —ar? 2\
o - e " d (ar?)

+o00
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CHAPTER
ELEVEN

COMPLEX ANALYSIS

11.1 Complex functions, f: C — C

A complex function f of complex variable z = x + iy, f : C — C, can be written as
f(z) = a(z) +i0(2) = u(z,y) +iv(z,y)
as the sum of its real part u(z) and ¢ times its imaginary part v(x,y). Here z,y € R, while %(z),9(z) : C — R and

u(x,y),v(z,y) : R — R. With some abuse of notation, tilde won’t be always explicitly written when arguments of real
and imaginary parts of f functions won’t be written.

11.1.1 Limit

lim f(2) = f(z) , Ve>036 >0 st. |[f(2) — flzg)| <IVzst. |z — 2] <e, 2% 7, .

z2—2g

11.1.2 Derivative

Using the definition of limit of complex functions, the derivative of a function f : C — C, if it exists, is the limit of
incremental ratio,

Az—0 Az

11.1.3 Line Integrals

Given a line v € C, whose parametric form is z(s), with regular parametrization with parameter s € [s, $4],

/7 f(z)dz = / Fe(s)) 2 (5) ds
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11.2 Holomorphic Functions - Analytic Functions

Definition 11.2.1

A holomorphic function is a function whose derivative exists.

Examples of analytic functions. todo...

11.2.1 Cauchy-Riemann conditions
For a holomorphic function f(z) = u(z,y) + ‘v(z,y), Cauchy-Riemann conditions
{u/ e = Uy
Uy = "V
hold. The evaluation of the derivative once with Az = Az and once with Az = iAy

Az—0 Az
i JEFATY) = floy) L ulr At Avy) +ivle + Axyy) —ulz,y) —iv(@y) wpe +ivg,
o Ax—0 Az Azx—0 Az
lim flz,y+ Ay) — f(@,y) — lim u(z,y + Ay) +iv(z,y —i— Ay) —u(w,y) —iv(x,y) = iy, + v,
Ay—=0 iAy Ay—0 1Ay y y

provides the proof.

11.2.2 Cauchy Theorem

For a holomorphic function f, f: Q CC — C

for V C €. Proof follows from Green'’s lemma, and Cauchy-Riemann conditions

ff

B SN QKS\

(u(z,y) +iv(x,y)) (dz + idy) =

(udz — vdy) + 1 %(udy +vdz) =
y

= (u/y—i—v/z) dedy +1 (u/z—v/y) dedy=0.
=0
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11.3 Useful integrals

11.3.1 Independence of line integral for holomorphic functions

For a function f(z) analytic in D, the line integral on paths £,p,; With the same extreme points a, b contained in D is
independent on the path, but only depends on the extreme points a, b,

/e f(z)dz :/g f(z)dz

The proof readily follows, using Cauchy theorem applied to a function f(z) : D C C — C, analytic in D, and splitting
the closed path +y into two paths ¢4, ¢, with the same extreme points, v = ¢; U (—{,)

Off(z)dz/Zlf(z)der/ézf(z)dzllf(z)dz/ezf(z)dz.

11.3.2 Sum and difference of line integrals

11.3.3 Integral of 2"

Given a path v embracing z = 0 only once in counter-clockwise direction, and n € Z

271 if n=-—1
7{ Zdz = .
y 0 otherwise

Since 2™ is analytic everywhere (todo prove it! Add a section with proofs for common functions) except for z = 0, it’s
possible to evaluate the integral on a circle with center z = 0 and radius . Using polar expression of the complex
numbers on the circle, z = Re'?, 0 € [0, 27], R const, the differential becomes dz = iRe?d6 and the integral
2m
jgz" dz = / (Re®)" iRedf =
vy 0=0
2m

— Z/ Rn+1ei(n+1)9d9 _
6=0
ifn=—-1 : 27

otherwise : (R"Hl—— 6i<”+1>0|

11.4 Meromorphic functions

Definition 11.4.1

A meromorphic function in a domain is a function holomorphic everywhere except for a (finite?) number of poles. check
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11.4.1 Singularities

Definition 11.4.2 (Pole)

A pole of order n of a function f(z) is a complex number « so that

with ¢(z) holomorphic in ¢(a) # 0

Examples. ...

Definition 11.4.3 (Branch)

M\»—A

Examples. f(z) = z

Definition 11.4.4 (Removable singularities)

Example. f(z) = S22

z

Other irregularities.

11.4.2 Laurent Series

Given a function f(z), inadisk D, . : 0 < |z — a| < ¢, its Laurent series centered in a is the convergent (to f(z), todo
which type of convergnence?) series

+00
@)~ > a(z—a), (11.1)
with
1
= _ —(n+1)
a, = 2m’/7f(z> (z—a)" "V dz (11.2)

and y embracing z = a once counter-clockwise. Proof follows immediately inserting the expressions of the coefficients
a,, and using the integral of z™. Evaluating the integral (11.2) of the coefficients of the Laurent series, using (11.1) to
replace f(z) with its series

1 +00

n %}Ig Z a,,(z—a)™(z —a)~ ") =

Y m=—o0
+o0o
= E m(z—a)™ " Ldz =
2mi -
Y m=—0o0
1

-1
= a, z ~dz =
. n
21 A

)
|

=a, .

todo Some freestyle with function and its convergent series...add some detail, and the meaning of convergence
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11.4.3 Cauchy formula

For an analytic function f(z),

Fla) = if f2) .

2m ) z—a

Proof readily follows using the infegral of =" on the Taylor series of % whose 0" order term reads f(a),
+oo / m 3
a) + a)(z—a 1 2
1 f(a) Zmzlf( )( ) dz— 1 f(a) dz:f(a)ll,:f(a).
2 . z—a 27 L z—a 2mi

11.4.4 Residues

Definition 11.4.5 (Residue)

The residue of function f in a, Res(f, a) is a complex number R so that f(z) — (zfp”a) has analytic antiderivative in a disk

D,.: 0<[z—al<e.

todo Explain this definition. Couldn’t be possible to use Res(f,a) = 5= fy f(2)dz = a_; instead?

Properties.
* If f(2) is analytic in D, . and has a pole of order n in z = a, its Laurent series has a,,, = 0 for m < n and reads

+o0

f@) =Y a,(z—a™, (11.3)

m=-—n
with a_,, # 0. Since f(z) has a pole of order n in z = a, it can be written as

¢(2)

G—ay’

f(z) =

with ¢(z) analytic in D, . and ¢(a) # 0. Since ¢(2) is analytic, it has a Taylor series (or a Laurent series with
non-negative powers),

0(z) ~ 3 bz —a)™,

m=0

(todo prove it! Extension of the real case. Add a link to the proof) and thus

+oo +oo +oo
f(Z) ~ Z bm(z - a)m—n = Z bern(Z - a)m = Z a’m(’z - a)m )
m=0 m=-n m=—n
witha,, =b,, ...
¢ For simple closed path v (embracing a only once counter-clokwise) in D,, _,
?{f(z) dz = 2mia_; = 2miRes(f, a) (11.4)
A

The proof readily follows, using the integral of =™ and Laurent series (11.1) of f(2),

?ff(z) dz = 7{ f a, (2 —a)™dz = 2mia_, .

2l Y m=—00
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¢ For a pole a of order n, the following holds

1 ) dnfl
= Gy im e (F @) S

The proof follows using Laurent series {eq} eq:laurent:pole-n} for a function with pole of order n, and evaluating
the (n — 1)*" order derivative

a1 . dn—1 i . +oo .
dan—1 [(z—a)"f(2)] = dan—1 _(Z —a) m;nan(z —a) ]

dn71 +0o0

= | 2 W_aw] -
dr-1 [ +oo .

= g1 _n;amfn(z_a) ] =
dn—2 [ +oo

— o |2 (- M -

L m=0

dn_3 [ +o0
=53 Z m(m —1)a,, ,(z—a)™ 2| =

L m=0

= [Z mla,, ,(z— a)m”H]
m=0

and then letting z — a, so that only the term with m —n 4+ 1 = 0 survives

lim " l(z —a)” Z a,(z— a)ml =n—-1la_;.

m=—n

11.4.5 Residue Theorem

Theorem 11.4.1 (Residue Theorem)

Given f(z) with a finite number of poles p,, € D, then

[#@dz=2n0 S 16p0Res(£1p,).

being «y a path in D, and I(~, p,,) the winding index of the path ~ around pole p,, (+1 for each counter-clockwise loop,
-1 for each clockwise loop).

The proof readily follows extending the result for a single pole (11.4) to general number of poles and general paths ~y

embracing (with sign) each pole p,, I(~, p,,) times, with the same techinques shown in section Sum and difference of line
integrals.
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11.4.6 Evaluation of integrals

11.4.7 Inverse Laplace Transform

Given Laplace transform

Fla) = £450}0) = [ store

the inverse transform can be evaluated as

a+iT
f(t) = £ HF(s)}(t) := lim 1 /_ i eStF(s)ds,

T—+o0 271

with a > Re{p,, } (todo why?) for each pole of the function F'(s), evaluated on the vertical line s = a+1iy,y € [T, T],
ds = idy,

1 a+iT 1 a+iT +o00
lim — / estF(s)ds = lim —/ est (T)e *"drds =

Torfoo 210 Jo_o i —a—iT  Jr=0-

|
5
|

1 [T , oo ,
: / e(a+zy)t f(7_>ef(a+zy)7— dr zdy —
y=—T =0

1 T +oo
= | _ iy(t—7) pa(t—7) —
sk [ [ e an

I
~
+
T8
>,
—~
~

|

b
®
s}

T

2
~
~—~

\]
S~—

ISH

\]

Il
~
~~

-
~—

having used the transform of Dirac’s delta §(t) = 5- fw +:0joo e Wt dw.

todo Ohter approach: if a > Re{p,,}, the contour built with the vertical line with real part a and the arc of circumference
on its...

11.4. Meromorphic functions 61



basics - math

62

Chapter 11. Complex Analysis



CHAPTER
TWELVE

LAPLACE TRANSFORM

+oo

L{f(1) (s) = / et f(t) dt = F(s) .

t=0—
12.1 Inverse transform

() = £ {F(s)} = ..

12.2 Properties

Linearity.
S{af(t) + bg(H)}(s) = aF(s) + bG(s)
Dirac delta.
+o0o
L{5(t)} :/ d(t)estdt =1
t=0-
Time delay. If f(¢) = 0 for ¢t < 0 (“causality”), for 7 > 0,

L{f(t—7)}(s) = e F(s)

Proof readily follows direct computation with change of variable z =t — 7, dt = dz

+0o0

L{f(t—7)}s) = /0 flt—7)e st dt = /7 f(xle 2 dze" = / f(z)e*2dze ™" = e *TF(s) .

— 2z=0

“Frequency shift”
L{f(t)e*}(s) = Fs —a)

Direct computation gives
+o0
{rwes) = |
0

t—

Derivative.

L{f ()} (s) = sF(s) — f(07) .

+o00
ft)ette st dt = / f)e 59t dt = F(s —a)
t=0-
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Proof readily follows direct computation, with integration by parts

+oo

L{f ()} (s) = / (e dt = [f(t)e 5 + s / f(t)e st dt = sF(s) — £(07),

t=0— t=0—

+00

provided that lim__, f(t)e—st =0.

Integral.

! 1
£ {/T_O f(r) dT} (s) = EF(S) .

Proof readily follows direct computation, with integration by parts

¢ {/Tio 4 dT} (8) = [_:oo /:O f(r)dre=*tdt = [ e?t /Tjo f(r)dr

—st

provided that f:):(r f(r)dT =0andlim, ,,  “— j;izci f(r)ydr =0.

+o0

1 +oo 1
+ = te stdt = —F(s),
/t f(t)e (s)

S Ji—o

t=0

Convolution.

+o0

ciwegwy= [ [ se-ngmdreta= ()

t=0"

+o0o +o0o ( |

— —s(z+T7 —

= /T__OO /Z__T f(z)g(r)e drdz = (2) 12.1)
+00

= [ sesas [ gme=
= {1} (s) £{g(0)}(5)

having performed the change of coordinates z = ¢ — 7, 7 = 7, with unitary Jacobian,

a(t, )
d(z,7)

=00, 71—0,70,t=1-1-1-0=1,
given the proper description of the domain of integration summarised in the extremes of integration in (1), and causality

- i.e. all the functions f(t) are identically zero for ¢ < 0 - in (2).

Initial value. If ...

f(0F) = lim sF(s)

S§—+00
From direct computation,

+o0

lim sF(s) = lim s/ ft)estdt =
t

Ss——+00 s—+400 —0-
+00

Jlim { [s (—e_;t> f(t)] . + [1;00 et f(t) dt} =

= lim {[—e“f(t)] + /_O e stf(t) dt} =

S—+00
ToO st pr —
o € " f'(t)dt =0.

t=0

provided that lim,_, , . lim, ,, e *'f(t) = 0 and lim,_, ,
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Final value. If ...

f(4o00) = lim sF(s)

s—0

From direct computation (todo check and/or explain proof),
+o00

lim sF(s) = lim s ftyestdt =
s—0

s—0 =0

[+ ()]

~ lim {[estﬂm

+oo

s—0

= f(0) + f(+00) = f(0) = f(+00),

provided that lim,_,, lim, , e %' f(t) = 0.

“f
t=0 t=0
+oo +o00

+ / etfr(t)ydt » =
t=0 t=0

+o0

e St/ (t) dt} =

12.2. Properties
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CHAPTER
THIRTEEN

FOURIER TRANSFORMS

Fourier transforms are linear transformations of functions usually relating a physical domain of time and/or space, with a
domain of frequency and/or wave-vectors.

Fourier transforms can be useful in:
* highlighting the frequency content of functions

* solving problems: sometimes, it can be easier to transform a problem in frequency domain, solve it in frequency
domain, and transform the solution back to the physical domain

Contents.
Fourier series. Fourier series is defined for finite-domain or periodic, time-continuous functions, or - more generally -
continuous functions in the physical domain.

Fourier transform. Fourier transform is defined for infinite-domain non-periodic, time-continuous functions, or - more
generally - continuous functions in the physical domain.

Relations between Fourier transforms and sampling. Fourier series, Fourier transform, discrete time Fourier transform
and discrete Fourier transforms are presented, and their relations discussed. Fundamental results about evenly-spaced
sampling seamlessly follows, as Shannon-Nyquist theorem, 7/eorem 13.3.1, shows.

Different Fourier transforms exist, depending if the original function is:
* time discrete/time continuous

e periodic/non-periodic

13.1 Fourier Series

For a T-periodic function,

+oo
2 2
g(t) ~ % + nzzl [an cos <n%t> +b,, sin (n%tﬂ )

todo Prove it with properties of integrals of sin and cos over ¢ € [0, T']; prove convergence to average value at jumps

The exponential form reads

400
g(t) ~ D c e, (13.1)

n=—oo
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where

¢, = 1/T O (13.2)
" T t=0 . .

Proof

Exploiting the properties of integrals of complex exponentials with k € Z

T 1 k2] |7 ;
t=0 T ifk=0
T ) T +oo ) , +oo T )
/ f(t)efzm%t dt ~ / Z Cnezn%tefzm%t ~ Z ¢, ~ / ez(nfm)%t ~ TCm )
t=0 t=0 n=—o0 n=—oo t=0

13.2 Fourier Transform

Contents: definition; properties; inverse transform; Plancherel’s theorem; uncertainty relation

13.2.1 Definition

T {gt)} () = / T et ar

t=—00

13.2.2 Properties

Linearity
Dirac delta.
+00
L{6(t)} = S(t)ye2mftdt =1 (13.3)
t=—o00
Time delay.
Derivative.
Integral.

Initial value.

Final value.
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13.2.3 Inverse Fourier Transform

Under the assumptions ...todo, the inverse Fourier transform reads

+o0 )
F G} (1) = /f Gery,

Proof using Dirac’s delta expression.
+o0 +oo

+oo
FHGN 0 = [ GUeniar - Je-izn 7 giznft g —
) A

f=—o0 —00 YT=—00

g(T)€7i27rfT ei27rft df —

_ g(T)ei%rf(t—-r) df —

Proof using dominated convergence theorem and Fubini’s lemma.

Proof. By the dominated convergence theorem, it follows that

i2nxé — —me2€244i2mxé —
/R e p(e) de = lim [ ¢ F(e) d
G(&m,e)

=lim [ g(y;2,¢)f(y)dy =

e—0 R

=lim [ ¢ (z—y) fly) dy =

e—=0 R
:/5(xfy)f(y)dy:f(x)

Lemma 1. The Fourier transform of function (¢ et reads

)=
+o0
3*{80 / —zwt dt =

/:
[
L

88

77r|t\2 —iwt dt =

2 w
(rigi-i7) dte inZ =

+ o2
t+'L 27r dt e 4m —

t=—00

L
am )

. . e 22 . o . .
having evaluated the integral L; e~ with « = 7. todo justify the result for complex exponential. Use Bromwich
contour integrals

Lemma 2. Fourier transform of f(at), « > 0

F{f(at)) / Flat)e it dt — / freizmart = Lp (¢)
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Lemma 3. 1o (L) — §(x) fore — 0
1 t 1 w? w?
7{7@ (7>} (W) = _ee wF = hne

0. Fourier transform

g(t) = ot(t)
T o)} (w) = / gty dt = / blt)eiote it dt = / Bt @ dt = F{p(t)}w — a)

t=—00 t=—00 t=—00

2.
¥(t) = ¢(at)

+00

31w@»=i/ﬂmw@kinp=/m ¢mmkiMdp:/&w(ﬂTki:Tiﬂzigq¢@n(:).

t=—o00 t=—o00 T=—00

3. Fubini’s theorem

4,

plt) = e

+oo +00
?{w(t>} = / So(t)eiiwt dt = / e*ﬂ'tzefiwt dt

t=—00 t=—o00

0:?46’”“2‘2 dz:/...
o

z=Re", dz=iRe"dd
B o0

2 2 2. . . 2 jus
/ el gy = / e *F i Re?df = i Re R l5o
C/4 =0 v

( t2 iwt w? 2
—mt? 4 e +iw ) w
/ e ™ et dt ——/ e ) dte” ar =
t=0 t=0

+oo 5 5
= / eiﬂ{pﬂ.ﬁ) dt 672}7‘"’
t=0

5. ¢.(t) = ¢ (%), t € R", is an approximation of Dirac’s delta for & — 0, so that

+00
lim pe(t —=7)f(t)dt = f(7)
e—0 e
+o00
lim o (t)dt =1
e—0 i

As the Fourier transform & {¢,(t)} (w) — 1 for e — 0, then p_(t) — d(2).
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13.2.4 Plancherel’s theorem

...assumptions. ..todo

400 +o0
/ c(HPrdf= [ g (13.4)
f=—o0 t=—00
and
+00o +o00
/ aadf= [ a@ g d. (13.5)
f=— t=—00

Proof of Plancherel’s thm for the magnitude

+oo

/ G2 df = / T arat df =
f=—o0 f=—o0

+o0 +o0 ‘ * +o0 ‘
:/ (/ g(tl)elﬁﬁldh) (/ 9(752)6127”%2‘#2) df =
f=—c0 t;=—00 ty=—00

+00 +o00

= / g*(ty) g(ts) / e?mfti=ta) qf dt, dt, = (1)
ti,tg=—00 f=—o
+o00

- / g7 (1) g(ty) 6(ty — t,) dty dt, = @)
ty,tg=—00
+00

- / g (t1) glty) dt, = 3)
ty=—o00
+00

- / gt 2 dt
ty=—0o0

having used (1) the approximation (10.3) of Dirac’s delta, and (2) property (10.2) of Dirac’s delta, and (3) the expression
of the absolute value of complex functions g*(t,)g(t,) = |g(t;)|?.

Proof of Plancherel’s thm for the product of functions

+o0o

[ awewnar= Gty ds -
o0 f=—o0

+o00 +o00 ) i * +o00 ) i
:/ (/ a<t1>el2ﬁjtldt1> (/ g(t2>el2ﬁjt2dt2> df
f=—o0 t;=—00 to=—00

+oo +00o

- / a* (1) g(ts) / o2t —t2) 4 dt, dt = 1)
ty,to=—00 f=—
+0o0

- / 0" () g(ty) B(t, — ty) dt, dty = ()
ty,tg=—00

- [ @t

ty=—o00

having used (1) the approximation (10.3) of Dirac’s delta, and (2) property (10.2) of Dirac’s delta.
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13.2.5 Uncertainty relation

An uncertainty relation holds linking standard deviations of a probability density function in time domain and a probability
density function built with its Fourier transform. From this very same relation, Heisenberg uncertainty relation between
position and momentum in Quantum Mechanics seamlessly follows.

Given a function g(t) whose square of the absolute value is normalized to one, and thus it can be used as a probability
density function in time domain,

/7 Ig(t)\th:/i g () glt)dt=1.

t=—o00 t=—00

for Plancherel’s theorem, the square of the magnitude of Fourier transform G( f) is unitary as well,

/ KWWW:/ GG df =1,
f=—o0 f=—o0

and thus it can be interpreted as a probability density function in frequency domain. The following uncertainty relation
holds

11\?
2 2
Tt975.G = (g§) )

or in terms of pulsation w = 27 f,
1
2 2
O0t,d%w,G > (5) )

Heisenberg uncertainty relation in quantum mechanics

Space and momentum representation of the state function ¥ are related by the transformation,
+o0
.
@)= vt = [ et
p=—00

as it’s shown in the section Quantum Mechanics:From position to momentum representation. The wave number reads
k = £. Starting from the uncertainty relation between the space coordinate = and the wave number £,

0,01 =

)

DN =

Heisenberg uncertainty principle for position and momentum (for the same Cartesian coordinates) reads

h
JIO'pZ 5
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Proof of the uncertainty relation

Assuming zero average £ = 0, f = 0 (see below for proof without this assumption)

+oo 400
U?,gafv,c:/i 1] g*(t)g(t)dt/ . IfI> G*(f) G(f) df =

t=—00 f=—o0
_ / it g(t)]? dt / PGNP df = (1)
t=—o0 f=—o0
+oo +oo . 2
— [ wewPae [ |- gt de= 2)
+oo . 2
| troganal > (3)

() ()

having used in

(1)

+o0 )

FONH = [ d0e it = = i2m £ GO
_Fe@)}

fG(f) =—i o

and thus Plancherel’s theorem
+oo +oo i 2
[ rewpdr= [ | rtaen| ar-

f=— f=—o0
o0

in (2) Cauchy-Schwartz inequality,
(3)

0= /7 T (i) di =

t=—00

— [ty gl [ o=

-0 t=—o00

= [ swewar- [ o=

t=—00 t=—00

=—1—-a".
—l=a+a*=2re{a},

and thus

1
la|? > re{a}? = 1

13.2. Fourier Transform
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Ift +0,0r f +0,

+oo +o0
ﬁﬁ?G:/L ﬁfﬂszg@dﬁf =11 ¢ (Ewas =

t=—00 f=—00
= [ le=newfa [ ju-Dewf ar- )

13.3 Relations between Fourier transforms

Some freestyle in changing order of summations and integrals, and use of generalized functions here...check it!
Different Fourier transforms exist, depending if the original function is:

e time discrete/time continuous

e periodic/non-periodic
namely,

» FS, Fourier series: time continuous, periodic function (or finite domain, with a periodic extension)

* FT, Fourier transform: time continuous, non-periodic function

e DTFT, discrete-time Fourier transform: time didscrete, infinite-length sequence

e DFT, discrete Fourier transform: time discrete, finite-length sequence (and then with a periodic extension)
13.3.1 Fourier transform of integrable functions

ﬂw:fwwﬂm:/_fmfmmw

t=—00

13.3.2 Fourier transform of the sum of shifted integrable functions

The infinite sum of a shifted integrable function is defined as

. +o0

frty= Y flt—nT).
Its Fourier transform reads

f{%@Nm=/' Fr(t)e 2t dt =

t=—o0

+oo +o00
> / f(t —nT)e 2™t dt = (1)

n=—oo Yt=—

Z F(V)efiZﬂ'VnT — (2)

:F(U> Z e—i2mvnT _ (3)

n=—oo

=AvF(v)u,(v),
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having used properties of Fourier transform of shifted function in (1), and the properties of Dirac’s comb in (3), having
defined the frequency resolution

Al/::f.

This Fourier transform is proportional to the Fourier transform of the original function, sampled in frequency with ele-
mentary frequency Av.

13.3.3 Fourier transform of the a function sampled with a Dirac comb - DTFT

Fourier transform of the original function sampled with A¢IIl 5, (¢) reads

FA{At f(t) M, (8)} = At / m F) M p, (H)e 2™ dt =

t=—00

1 +oo +o00 )
in 2t —i2mut g1 _
~ AtE [_Oo f(t) Z e arte AV gt =

+oo +o00 7
= Z / f(t) em2rlv—mwit g — (13.6)

f F (v —n¥) = DTFT(f(t); At) ,

n=—oo

i.e. equals the periodic sum of the Fourier of the original function, with period

_1
A

v:

From this last sentence and from the symmetry properties of Fourier transform, Nyquist-Shannon sampling theorem
follows seamlessly.

Theorem 13.3.1 (Nyquist-Shannon sampling theorem)

In order to avoid aliasing the sampling frequency must be twice the maxiumum' frequency in the signal,

Vg > 2l/ma:r .

todo check alternative expressions if using the definition of train of impulses instead of the Fourier series of Dirac’s comb.

+o0 +o0o
= At / f(t) Z §(t — kAt) e 2™t gt =
t=—00

A (13.7)
= At Y f(kAt)e2mEAL — DTFT (f(t); At)
k=—o0

! Usually there’s no such a frequency above which the signal is exactly zero, but usually there’s a frequency above which the spectrum of the signal
is approximately zero, i.e. below a threshold where it can be treated as zero, and introduce no aliasing.
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13.3.4 Fourier transform of the sum of shifted integral functions sampled with a
Dirac comb

Fourier transform of the periodic sum

At f(1) T, (1) = At io f(t—nT) T4, (t)

reads
. 400 400 +oo
F{ At (1) T, (1) = At / S ft—nT) Y o(t—kAt)e 2™t dt =
—00 n=—00 k=—o00
+00

= At Z > f(kAL —nT)emi2mhat —

n=—0o0 k=—oo
and defining kA7, := kAt — nT,

+00 +00

= At Z Z f(kl.ATn>efi2ﬂ'Vk:ATnefiZTrVnT —

n=—00 k=—oo

= At Z f /{EAT e—12mvkAT, Z e—i2mvnT —

k=—o0 n=—oo
=DTFT(f(t),At) =AvIp,(v)
= DTFT(f(t), At) AvIll,, (V) .

todo check! check the change of coordinates that makes DTFT appear

todo check! what follows or, using the relation between At and T' = NAt, Av = %, and thus

At Av = At

1
N )

H\H

it follows

1

N Z f k’A’T ) —i2nvk AT, IH ( )

k=—oc0

13.3.5 Useful properties

Dirac’s comb Il (%)

Dirac comb III;(t) is defined as a train of Dirac’s delta
1, (%) Z 5(t —mT)

Coefficients (13.2) of the Fourier series (13.1) of a T-periodic train of Dirac delta for ¢ € [—%7 %] , read

- / 5 —1n27’t l

and thus the Fourier series of Dirac comb Il () reads

+oo

11, (t) Z 5(t —mT) N% D enF

m=—0o0 n=—0oo
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Symmetry of Fourier transform

13.3. Relations between Fourier transforms
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Calculus of Variations
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CHAPTER
FOURTEEN

INTRODUCTION TO CALCULUS OF VARIATIONS

Calculus of variation deals with variations - i.e. “small changes” - of functions and functionals.

The meaning of the term functional may vary on the subfield of interest. In the field of calculus of variation, a functional
can be defined as a function of function, i.e. a function whose argument is another function.

Fields and applications

Fields and applications related to calculus of variations (give some examples below):
* gradient-based techniques like some methods in:
— optimization, either free or constrained (via Lagrange multiplier methods)
— sensitivity
* classical mechanics and physics in general:

— analytical mechanics: Lagrangian formulation and Hamiltonian formulation of classical mechanics

Examples

» Lagrange equations for general problem
* examples:
— brachistochrone for minimum time,...
— catenary, i.e. static solution of wire and cables with neglibile bending stiffness
— isoperimetric inequality, i.e. circle is the plane closed curve with given perimeter enclosing the largest area
* sensitivity of results to parameters. Some interesting sensitivity, both in time and trasnformed domains
— characteristics of a system:
+ equilibria
+ eigenvalues

* optimal control methods
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14.1 Lagrange equations

Given the functional .S, with arguments a function ¢(t) and the independent variable ¢,

where the function w(t) is arbitrary, among those satisfying the constraint of the problems: as an example here, if the
function ¢(t) has prescribed values ¢* for some values of the independent variable, ¢*, the variation w(t) of the function
q(t) is zero there, w(t*) so that the variated function q(t) +ew(t) satisfies the constraint as well, i.e. ¢(t*)+cw(t*) = ¢*.

Variation involves only small changes of function arguments, since these ones are the elements that can be effectively
changed, while the independent variable is not.

Direct computation of the variation gives

58(a(t), 1] = lim ~ (S[q(t) + ew(t), 1] — Sq(t), 1]) =

e—0 €
= lim 1 ( / L(G(t) + ew(t), qt) +=ult), 1) — / L@(t), q(t), 1 dt) -
= tim = [ (D0 + ewlt), a(0) + ewlt), 6 — L), a(0), 1)) de =

OL oL

= tim [ {10, ate), 0+ ¢ [ G + Fow0)] o) — L) ate) 1} dt =

= lim1 " {5 [g—zw(t) + Z—sw(t)] + O(E)} dt =

e—=0 € t=t,

[t {%w(tH %w(t)} dt =
{w(t)%]

The solution depends on the boundary conditions at the extreme points ¢, ;. If the value of the function ¢(t) is prescribed
intyand ty, q(ty) = qq, ¢(t;) = ¢y, then its variation is zero, w(t,) = w(t;) = 0, for the reason that has been discussed
above. The variation of the functional with prescribed boundary values of the argument function thus reads

6S[q(t),t] = /t_tt {—% (%) + %}5(;@) dt

having called w(t) =: dq(t) to stress that is the variation of function ¢(¢). This notation - it’s just notation, it has no
special properties - could be useful if the functional depends on several arguments.

tq

+/t1 {—1 (6—L> + é)—L}w(t) dt
ity dt \ 9q dq '

=tq

Stationary conditions, S = 0. Stationary condition of the functional S implies that §S = 0 for all the possible
variations of the argument function, Vdq(¢). This condition implies that the integrand is identically zero, i.e. Lagrange
equations,

4 (o) oL _
dt \ 04 dqg
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Higher-order derivatives

Method 1. If the Lagrangian function L depends on higher order derivatives,

L (g™ (), ¢ V(t), ..., ¢ (1), q(t), t)

it’s possible to recast the problem defining the n-dimensional function, q(t),

todo Add constraints on components of q(t)?

Repeating the computation, the variation of the functional reads

} / 57 ( (g§)+%}dt

Sla(t), 1) = [Sa” (1

Method 2. ...

14.1.1 Euler-Beltrami equation
If the Lagrangian function L is not an explicit function of the independent variable, L(q’(x), ¢(z)), Euler-Berltrami

equation follows from the derivative of the Lagrangian,

dL 0L () + 2L 6L
dz aq 6q
oL , d (OL\ ,

0 aq’
d (aL ,)

= 7 ,q )
dx \ Jq

d oL oL
— |L— = L—¢
dm{ qaq} 0 - qaq’

and thus

= (C const.

Note 1. While Lagrange equations are a set of N equations if the functional depends on N argument functions g, (t),
k =1 : N, Euler-Beltrami equation is an equation only. Indeed for multiple argument functions

dL 0L v+ 2L =
dx 8’qk 6qqu_

oL, d(OLY . (oL
8q dz \ dq, %= 4z 8q,’€qk ’

where Einstein’s summation notation of repeated index is used. Euler-Beltrami thus reads

L(g)(2), () — q;;<m>§—§<qz<x>,ql<x>> e

k
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Note 2. If the Lagrangian function is an explicit function of the independent variable z, L(q’(x), g(x), x), it’s not hard
to realize that the derivative of the Lagrangian function, along with the use of the Lagrange equation, gives
d ,0L oL

dq’ ox

dx

Example 14.1.1 (Euler-Beltrami with L(q¢’(x), ¢(z), ), Hamiltonian, energy and E.Noether)

Euler-Beltrami equation shows that if L(q'(z), g(x)), thus L — q’9,, L is constant, (or an integral of motion in dynam-
ics). In analytical mechanics (Lagrange mechanics, Hamiltonian mechanics), Lagrangian and Hamiltonian functions of a
system read

L(Qk(t)v Qk(t)7 t) = T(Qa q, t) + U(Q7 t)

) . OL
H(p,q,1) ::kak_L:qkaiq-k_La

having used the common definition of the generalized momenta p,, := %. It should be immediate to realize that the
Hamiltonian is just the quantity appearing in Euler-Beltrami equation (or in its “modified version” if 9, L # 0), and thus
dH 0L
ot

In mechanics, if 9,L = 0, the Hamiltonian is a constant of motion. In this case, it can be prove that the Hamiltonian is
equal to the eneergy of the system.

Classical examples.

Example 14.1.2 (Brachistochrone)
Find the trajectory...
¢ Elementary length: ds = v dt

* Energy: E(y) = %mv2 —mgy + C. Setting £/ = 0 at starting point, from rest, at y, = 0, it implies C' = 0; thus

=29y
s x(s), y(s),
e ds= \/dx2—|—dy2 = \/1—|—y’2 (z)dx

/ dh — / ds / \/W
b V20y(@)

The Lagrangian doesn’t explicitly depend on z, thus Euler-Beltrami equation can be used. Partial derivative of the La-
grangian function w.r.t. ¢’ reads

oL 1

_ _ /

== Y
0y NN

and thus Euler-Beltrami equation reads
OL  1+4y?—y? 1
AW 2y 1+y? V21 +y?

m, it’s possible to write

C=L—¢

Squaring 2gC? =

1
29C2(1 +y%(x))

y(z) =
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Making the substitution y(x)" = ...

Example 14.1.3 (Catenary)

Example 14.1.4 (Isoperimetric problem)

14.1. Lagrange equations
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CHAPTER
FIFTEEN

INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS
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CHAPTER
SIXTEEN

LINEAR TIME-INVARIANT SYSTEMS

A linear time invariant system is governed by a linear ODE with constant coefficients. These equations can be recast as a
first order system of ODEs,

x = Ax + Bu
y =Cx+ Du
x(07) =xg

Exploiting the properties of matrix exponential the general expression of the state can be written as the sum of the free
response to initial condition and the forced response.

t
x(t) = eAlx, + / AT Bu(7) dr
T=0"

t
y(t) = Cerlx, + C/ eATBu(r) dr + Du(t)
T=0"

Proof in time domain

Multipying by e~Af,

e A (i(t) — Ax(t)) = e ABu(t)

% (xe™A!) = e A'Bu(t)

and integrating from 0~ to a generic time value £,
t
eAtx(t) — xg = / ATBu(r) dr
T=0"

The state x(¢) can be written as the sum of the free response and a force response. The general expression of the state
and the output as a function reads

t
x(t) = erlxy + / AT Bu(T) dr
T=0"
t
y(t) = Cerlx, + C/ eAU=TIBu(r) dr + Du(t)
T=0"

Laplace domain. The Laplace transform of the problem reads

sX = AX + Bu +x,
y=Cx+Du
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(sI—A)X =Bu+x,
x(s) = (s — A)tx, + (sI — A)"'Bu(s)
y(s) = C(sI— A)~'x, + [C(sI — A)"'B+ D] u(s)

Performing inverse Laplace transform allows to go back to time domain (just use Laplace inverse transform of a matrix
exponential, and the formula (12.1) for Laplace transform of convolution).

16.1 Impulsive force

The effect of an impulsive force at time ¢ = 0 is equivalent to an instantaneous change in the initial state, from time 0~
before the impulse to time 0" after the impulse. Splitting the input u(#) as the sum of impulsive input and regular input,

u(t) = u,.(t) +us6(t)
u(s) =u,(s) +uy
the solution in time and Laplace domain reads

t
x(t) = erlxy + / ACTIB (u,. (1) +ugd (7)) dr =
T=0"

t
= eMt (x, + Buy) + / ATBu, (1) dr
T=0"

t
y(t) = CeAt (x, + Bug) + / CeA""Bu, (1) dr + Du,.(t) + Dug(t)
T=0"

X(s) = (s — A)"'Bu,(s) + (sI — A)~! (x, + Buy)
y(s) = [C(sI—A)"'B+D]u,(s) + C(sI — A)~* (xy + Buy) + Duy

16.2 Properties

Matrix exponential.
o0 Akyk
k!

oAt —

k=0

Assuming it’s possible swap derivative operator and summation (when?), it’s possible to write

foo Akyk oo kk—
ieAt _d AT Zktk’liA ! = AeAt .
dt dt = k! pct k!
Laplace transform of exponential matrix.
+00
L {ert} (s) == / eAte st dt =
t=0-
+o0
— / e(—sI+A)t dt =
t=0-
_ s +o00o
= (—sI+A)Lel ”A)t|t:07 =
= (SI - A)71 )
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for all the values of s for which —sI 4 A is asymptotically stable, i.e. has all the eignevalues (thus, assuming that the
matrix A can be diagonalizable. What happens if not? Exploit other matrix decompositions to draw conclusions) with
negative real parts, and thus for all the values of s > maxre{s;(A)}, as it’s shown in Example 16.2.1

Example 16.2.1 (Asymptotic stability of a matrix A)
An N x N diagnonalizable matrix A,

AVk = Vi Sk (161)

has all the eigenvalues with negative real part, re {s;,} < 0, Vk=1: N.

The eigenvalues of a matrix al 4+ A are a + s, while the eigenvectors are the same as those of the matrix A. This can
be easily proved adding alv,, to both sides of equation (16.1),

(CLI —+ A) Vk, = Vk(a =+ Sk) .

Transform of the convolution.

16.2. Properties 93
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CHAPTER
SEVENTEEN

INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS

Partial differential equations usually comes from balance equations in continuum mechanics. Integral equations are
the most general form of these equations, and an equivalent differential problem only exists if the fields involved in
the equations are regular enough, for their derivatives to exist - and to apply theorems requiring some regularity of the
functions.

Classical numerical methods:

FVM: directly solves the integral problem, solving integral balance equations for cells in which the domain is
divided

FDM: given the problem in differential form, FDM directly approximates space derivatives of the strong for-
mulation of the problem

FEM: given the problem in differential form, FEM projects the weak formulation of the problem on a finite-
dimensional space

BEM: integro-differential equation, singularities, . ..
Spectral methods,. ..
SEM,...

17.1 Examples

In Physics:

Advection equation
du+d-Vu=f
Diffusion equation
Ou—vViu=f
Hyperbolic equation/system of equations
ou+V - -Fu) =1
Wave equation

?attu — V2u = f
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17.2 Balance equations in physics

¢ Small-strain continuum mechanics

pOyS = pog+V - ole)

¢ Heat conduction
* Fluid dynamics

— Navier-Stokes for compressible fluids (conservative or convective equations)

— Navier-Stokes for incompressible fluids (convective form,...)
00, + p(ti - V)i — uV>3i + VP = pg
V-u=0
todo

* Different forms of equations may be more or less convenient for different solution approaches

* Most of the physical laws comes from integral balance equation of the form

il g,
— [ pu= | pr+ n - T(u)
dt Jy, v, ov,

whose local - differential - form (in case of differentiable functions) readily follows from the application of Reynolds’
transport theorem and divergence theorem to transform time derivative and boundary terms

0, (pu) + V - (puii) = pr + V - T(u)
9; (pu) +V - F(u) = pr,
and the physical meaning of each term is evident and readily expalinable as flux or volume or surface sources.

* Further manipulation/simplification may cover the clear meaning of the terms of the differential equation. As an
example, the conservative form of Navier-Stokes equations for incompressible fluids with constant and uniform
density read

O, (pu) + V- (pi®@u)=pg+V-T
V-u=0,
where the stress tensor for a Newtonian fluid reads
T=—pl+2uD+AX(V-u)l
= —pl+ p (Vi + V7)) + A (V- 1)l

Using the incompressibility constraint V - u, and treating the density p as a constant and uniform parameter, the
convective form of the Navier-Stokes equations reads

pOi+p(U-V)ii=pg—VP+2uV-D
V-u=0.

The divergence of the viscous stress tensor becomes

zuv.D:w-(vmvTa):u(v%uwvm) = uV2i,
=0
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so that one of the most common form of incompressible Navier-Stokes equations follows

PO, + p(ii - V)i — uV3i + VP = pg
V-u=0.

It should be evident that in the latter form of Navier-Stokes equations no divergence explicitly appears, so that the

right expression of surface source terms can’t be found immediately. In momentum equation, surface source terms

come from surface stress acting on the boundary of the domain, whose expression reads

—

t

AeT=
7 (—Pl+ 2uD) =

P (=P 4 p (Vi + V7)) =
—Ph+ - (u(Vi+ V7)) =

n

As an example, in weak formulation of incompressible Navier-Stokes problem the natural boundary condition
arising in the method depends on the expression of the strong formulation of the NS problem. If one needs to
prescribe stress boundary conditions, it could be an idea to start from NS equations w/o extra simplifications.

17.2. Balance equations in physics 99
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CHAPTER
EIGHTEEN

ELLIPTIC EQUATIONS

18.1 Poisson equation

Given the volume density source f(7) and the diffusivity v(7), Poisson equation for the scalar field ¢ (7) reads
-V -wVe¢)=f rev

with proper boundary conditions on V. As an example, tipical boundary conditions are:

o (1) = g(7) 7€ Sp esserntial - Dirichlet b.c.
v - V() = h(7) 7 € Sy natural - Neumann b.c.
ap(?) +vn-Veo(r) =b(r) 7€ Sp Robinb.c.

18.1.1 Weak formulation

For Yw € ... (functional space, recall some results about existence and uniqueness of the solution, Lax-Milgram theo-
rem,...)

0_/Vw{V-(vV¢>)+f}—
:jévwﬁ.(yv¢)+/v{—va~V¢+wf}=

Splitting boundary contribution as the sum from single contributions from different regions, and applying boundary con-
ditions, setting w = 0 for 7 € S, (see the ways to prescribe essential boundary conditions),

0:/5 @ﬁ-(yv¢)+/ wﬁ-(uV¢)+/ wﬁ-(yv¢)+/v{—uvw-v¢+wf}.

_ N — —
=0 Sn ~ Sn R

and rearranging the equation separating terms containing unknowns from known contributions,

/VVw-ng—f—/ wagb:/wf—i—/ wh+/ wb Yw € ...,
Vv SR v SN SR

and ¢ = g, for7 € Sp,.
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Different ways to prescribe essential boundary conditions

Strong formulation.

Using Lagrance multiplier - weak formulation of essential boundary conditions. Adding a the essential boundary
condition as a constraint with Lagrange multipliers in the weak formulation of the problem,

"+/S wp(d—g),

D
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NINETEEN

PARABOLIC EQUATIONS

19.1 Heat equation

Heat equation for a scalar field ¢ (7, t) can be interpreted as the unsteady equation of a Poisson equation,
Oho—V-(WVe)=f (Ft)eV x[0,T],

with proper boundary and initial conditions, ¢(#,0) = ¢, (7). Common boundary conditions are the same as the one

discussed for Poisson problem.

19.1.1 Weak formulation

For Yw € ... (functional space, recall some results about existence and uniqueness of the solution, Lax-Milgram theo-
rem,...)

O:/w{—3t¢+v'(1’v¢)+f}:

v

=7§ wﬁ~(VV(b)—l—/{—@@—l/Vﬁ%V(b—&-U}f}:
oV v

Splitting boundary contribution as the sum from single contributions from different regions, and applying boundary con-
ditions, setting w = 0 for 7 € S, (see the ways to prescribe essential boundary conditions),

0:/3 g}ﬁ-(qub)—k/ wﬁ-(uv¢)+/ wﬁ-(uV¢>)+/{—8t¢—1/Vﬁ)~V¢>+wf}.

b =0 Sy T o Se T o, v

and rearranging the equation separating terms containing unknowns from known contributions,

[woos [vowvor [wo= [wrs [ wns [ wr vwe.,
1% v Sk v S Sn

and ¢ = g, for7 € Sp,.
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CHAPTER
TWENTY

HYPERBOLIC PROBLEMS

Hyperbolic problems often come from a small-amplitude linearization, or as the non-diffusion (or inviscid) limit of a more
general problem.

As a result of these simplification, these problems may experience shocks (i.e. discontinuity in the solution, where
the differential equations stop to hold, and integral equations and jump conditions are required). todo classification of
discontinuities on the massflow across the surface

The very nature of these problem also suggest methods for the solution or the analysis of these equations, like charac-
teristic method.

20.1 Scalar linear

20.1.1 1-dimensional

dyu(x,t) + ad,u(x,t) = f(z,t)

Caracteristic method. U (t) = u(X(t),t), with the caracteristic curves X (¢) defined as those curves where the PDE
becomes a ODE. Evaluating the time derivative of the function u(X (), t), the hyperbolic equation can be recast as

dU dX
g + |a(X(1),t) — i

The equation of characteristic lines is

|0 = rx.

dX
L —a(xt),1),

and the PDE on characteristic line becomes the ODE

daU
o (X)) = F(X(1),2) -

20.2 Scalar non-linear

20.3 System linear

20.3.1 1-dimensional

u(x,t)

Ju+Ad,u=f

105



basics - math

Method of characteristics

Characteristics. U(t) = u(X(t),t)

dU dX
o Eamu +Ad,u=f

In order to get the equations of characteristic lines where PDE turns into ODEs, the eigenproblem

dX

Aaxu = Eﬁlu y
holds. This problem has non trivial solution if % and 0, u are pairs of eigenvalues and (right) eigenvectors of the array
A.
Diagonalization.

A =RAL

L[0,u +RALJ, u] = Lf

Since L = R™!, and defining the characteristic variables by dq = Ldu - in linear problems matrix A is constant, and
so its spectral decomoposition, and thus q = Lu -, it’s possible to recast the original problem in diagonal form

0,9+ Ad,q =Lf

9,q; + Ni0yq; = ZLik Je=F;.
%

dX
Thus, on the 7*" family of characteristic lines, T A Qi (t) = q;(z(t), t) evolves as

dQ;
L= F. .
dt !

If F; = [Lf], = 0, the characteristic variable g; is constant along the characteristic lines. Once the characteristic variables
are determined, the conservative variables are evalauted as u(z,t) = Rq(x, t).

Domain of influence and domain of dependence
Riemann problem

A Riemann problem is defined as the evolution of the initial state

u <z
u(z,ty) =4 ¢’ 0
ub, $>Jj0

This problem is quite useful in quite a wide range of numerical methods for hyperbolic problems - Godunov schemes in
Finite Volume Methods -, to evaluate the boundary state to be used numerical flux.

For linear problems, the matrix A is constant ad so it is its spectral decomposition, A = RAL, and the solution of a
Riemann problem of an homogeneous linear hyperbolic system can be easily determined analytically with the method of
characteristics,

Let’s change the origin of space and time, so that the initial state is in ¢ = 0, and the jump in the initial condiiton in x = 0.
Each charactersitic variable g, (, ) is constant on its family of characteristic lines, z = X (t) = xq j, + Ait.

Qe(,t) = @z ) + At t) = @20 1, 0) = qi(z — Ait,0) = Lyu(x — Agt, 0) .
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Thus, the solution in conservative variables u(x, t) in x at time ¢ reads

u(z,t) = Rq(z, 1)

uy(w,t) = Ryqp(v,t) = Rypqr(z — A\t 0) = Ry Lyju(x — Ayt 0)
In a Riemann problem for a N-dimensional linear system the solution shows /N + 1 homogeneous regions (at most, in
general the same number as the number of the non-coincident eigenvalues +1), delimited by the characteristic lines with
origin in the discontinuity. Sorting the eigenvalues in increasing order

AL > Ap > > Ay,

and defining the homogeneous regions

x
SO : ; (S <—OO,>\1)
x
Sy 7€ (A15Ag)
x
S 7 € (N Ais1)
x
Syt " € (Ay_1,An)
SN : % € </\N7+OO)

the solution is in the S; region is

u;(z,t) = Z Rixqor + Z Ry i

A>T Ap<%

Example 20.3.1 (Linear(ized) P-system)

The linear(ized) P-system around a uniform reference state p, u in convective form reads

Spectral decomposition.

0=|—AI+A| = (7—\)?—a?

werre el
R = [p p]
—a a
1 =
et
2pa (& p
Reference state.
=0 at rest
lul : S <a subsonic flow

>a supersonic flow to the left/right

20.3. System linear 107
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Subsonic: the two families of characteristic lines have opposite direction; supersonic: the two families of characteristic
lines have the same direction.

Example 20.3.2 (Linearized shallow water equations)

Example 20.3.3 (Linearized Euler equations (acoustics))

Example 20.3.4 (Wave equation)

A wave equation arises in many different fields of science. As an example, 1-dimensional wave equation descrives the
axial dynamics of a truss

moyu— EA0, ,u=f,
that can be recast in the general expression of wave equation
Opu— 20, u=F

The 2"? order differential operator appearing in 1-dimensional wave equation can be factored as the “product” of 2 15!
order differentail operators,

(Oy — €*0py) u = (0 — ¢0,) (9 + c0,) u
and thus a wave equation can be written as

Oyu+ cOpu—w=0
ow—co,w=F

In the regime of small displacement, the velocity field is the partial time derivative of the dispalcement field, v = 0,u,
and the axial force reads N = F A0, u. Exploiting Schwartz’s theorem about mixed partial derivatives to write 0, N =
E A0, v, it’s possible to write the wave function as the following system of hyperbolic equations in the physical unknowns
v, N

0,N — EA,v =0
dv—Lo,N=Ff

P-system and wave equation - reference state at rest, u = 0.

ou + %(%p =0

Taking time partial derivative of the first and space partial derivative of the second equation times p, and evaluating their
difference, a wave equation for rho appears

attp - azazzp =0.

Analogously, taking space derivative of the first and time derivative of the second, a wave equation for the velocity field
appears

Oyu—a?0,,u=0.
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20.4 System non-linear

20.4.1 1-dimensional space

u(z,t)

ou+ 0, F(u) =1
ou+ 9, F(u)0,u=f (convective form)

(conservative form)

20.5 n-dimensional space
u(7,t)

d,u+ Vu-9,F(u) =f (convective form)

d
—/u+}£ n-F(u) = /f (Eulerian)
dt Jfy oV %
/ u— ui - n +7§ n-F(u) :/ f (Lagrangian)
v, oV, oV, \%

(conservative form)

Different descritpions of integral problem,

t

u— ud, - n+ n-F(u) = / f (arbitrary)

Uy v, v, t
todo in coordinates
fi = 0u; + 0, Fi;(uy) =

= atui + azkumaukaz<ul) =

Example 20.5.1 (P-system in 1-dimensional domain)

Owp + u0,p + pO,u =0
pOu + pud,u + 0, P =0

with 9, P = a9, p,

Convective form

_ " :
9, p]+ - p}agﬂ{p —0
U —_— u U
L P i
Conservative form
[ p pu ] _
8t _pu:| + x l:qu —|—pa2_ _Q

Spectral decomposition of A(u) gives

20.4. System non-linear
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e )
2pa @ —p

Example 20.5.2 (Euler equations in 1-dimensional domain)

p pu
O, | pul| +0, |pu*>+ P

pet puht

Conservative form

=0,

with ht = el + % and e! = e + “72 and the pressure field can be written as a function of the other thermodynamic

. . . . 2
variables. As an example, using conservative variables (p, m, E*) = (p, pu, pet) = (p, pu, p (e + %))

E? m>
P =P —— — | =1 E?
)= (0.2 = 3 ) = 11(pm,
so that
Et  m?
8pH = 8ﬁP|e + 6‘6P|p <p2 + p3) -
t 2
—9,P| +0,P| (—e + “)
e P\ p o p
P t 2
—2—~9,P| +0,P| (—e n “)
p p P\ pp
ht 2
=c?+9,P| ( + u)
P\ p o p

0,11=0,P)| (-%)

Opll = 0,7, (%)

The speed of sound reads
c? = 8PP|S =
= 0,P|, +0.7| 9|, =

P
= 3pp|e + pﬁaep|p 9

Conservative form in conservative variables.

p ) m
o, |m|+0,| " +IpmE) | =0,
E! ™ (E' 4 11(p, m, E"))
Convective form in conservative variables.
0 0 2 1 0 0
g, |m| +0, _%_F@PH Tm+amH Op 11 9y [m| =0,
E — (BN ) + 29,11 L(E! 4+ 10) + 20,11 2 (1+ 011 E'
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Spectral decomposition of A(u)

—S 1 0
0= —u? 4 8pH 2u + o 11— 011

—u (e + &) +uo, e+ £ ;nuamn w (14 Opdl) — s
—s[2u+9,,IT1—s) (u(1+ 0p:I) — s) — Op: I (A" + ud,, IT)] +
— uh'Op 1 4 ud, 10 p 114
+ (u? = 3,I0) (u(1 + I IT) — ) =
= —s3+
+ 52 (2u + 9,11 + u + ud g I1) +
+ 5 (—2u? — 2020 11— ud,, Il — ud,, L e TN + Ope LA + ud e 119, 1T — u? + 8,1T) +
+ (—uhOge 1 + ud, 1 O X1 4 4 + w0 T — ud 1T — ud, T1 O IT) +
= —s3+
s (3u + 0,11 + udp: 1) +
+ 5 (—=3u? — 2u20p 11 — ud,, 11 + O I b + ,1T) +
+ (v — uhf g 1+ u? O 11 — ud, I1) =
=—(s—uP+(s—u)? =

=(s—u)[—(s —u)? +?]

being
u U
0, T1 + ude T = (—7+f>a p| -
g p p)* !
u2 et 2
—2u20pe 11 — ud,, 1T+ O T h! + 8,11 = — 8 P] + 6 P h'+0,P| +0.P| (—p+ p) =
—aP\ +8H
3 . el u? u? Rt
fuﬁpH +U 8EtH — uh 8EtH = U (8pPe — 86P|p <p + p) + ?aﬁp‘p — p86P|p)
P
e p P
= —uc?.
Thus,
Sj3=ufc , sy;=u
1
rg=|uFclp , r,=10|p
being

D z[u2—8ﬂ+(—u:tc—8 ID(uFo)|p=
= [u? -

u? — 9,01 —u® + +2uc — > — 9, Il(uF ¢)] p =

ht u? .
78€P| (p+p) i2uCC2+ZaeP|p(U¥C):| p:

[ 2c2 +8P] iQuc:F8P|]
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Example 20.5.3 (Shallow water equation in 1-dimensional domain)
Let b(x)..., h(z) the height of the free surface, n(z) = h(z) — b(x) the depth.

Derivative of integrals with non-constant extremes

n(z,t) n(z,t)
0. [ pudz= [ oo ds+ pule.nta,t), 000w, 0).
z=0 z

=0

Continuity equation reads
9p + 0, (pu) + 0. (pw) =0,
for fluids with constant and uniform density
n(z,t)
0= [ @+ 0.lou) + 0ulpw)) dz =

=0

n(x,t)
o, / (o) dz — pu(z,, 9,7 + puo(, (. ), £) =
=0

z

(1)
~o, / (pu) dz + pdy = ~ 0, (pru) + 8, (pn) .
z=0

having linked the velocity to the material derivative of the position, whose vertical component reads

Dn

’(U(CL’,T](:L’,t),t) = Ft

= atn<x, t) + U(CC, 77(% t)a t)azn .

Assuming hydrostatic pressure distribution, p = P, + pgz at depth z under the level of local free surface,

Momentum equation reads
0= 8,(pu) + D, (pu?) + 0. (puw) + 0, P .

and integration in z-direction todo Explicitly treat the z term

n(x)
0 = 9, (pnu) + 9, (pu*n) + 9, (P, + pgz)dz =
2=0

1
= 0,(pnu) + 9, (puzn + 5p9n2> -

Conservative form of the equations.

Convective form of the equations.
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Spectrum of matrix A(u).

0=|A(m) — sl =—s(u—s)+u?>—gn=(s—u)?>—gn.

Example 20.5.4 (P-system in n-dimensional domain)
« Conservative variables: (p, ﬁ‘L)

—>

* Physical variables: e.g. (p, @) , )

Op+V-m=0
o,m+ V- m®m+pa I]] =0

Example 20.5.5 (Euler system in n-dimensional domain)
« Conservative variables: (p,m, E*)
* Physical variables: e.g. (p, i, e),...
Op+V-m=0
Oy + V- [PE™m 4 T11] =0
t C[m(EHID]
0B + V- [MEH] =0
where 11 represents the pressure field as a function of the conservative varaibles,
II(p,m, E') = P(p,e) =P <p, — =
p P

and P the pressure field expressed by the equation of state of the fluid as a function of density and internal energy per
unit mass as the pair of independent variables determining the thermodynamic state.

Example 20.5.6 (Shallow water equations in 2-dimensional domain)

9 (pn) + V- (pni) =0
0, (pii) + V - (pniii + 5pg1°0) = 0

20.5. n-dimensional space 113
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CHAPTER
TWENTYONE

NAVIER-CAUCHY EQUATIONS

Navier-Cauchy equations are the differential balance equation of the momentum of an elastic isotropic medium in the
regime of small strain and displacement,

Po0yS = pog +V -0 .
Stress tensor for an isotropic medium reads
o=2ue+ Atr(e)l =
2 2
= (2,w~: — gutr(s)ﬂ> + (/\ + g,u> tr(e)l,
with the small strain tensor

1
Essential, natural and Robin boundary conditions read

§=35 7€ Sp esserntial - Dirichlet b.c.

=1, ¥ € Sy natural - Neumann b.c.

o
as+n-c=>b 7eSp Robinb.c.

21.1 Weak formulation

For Vo € ...

i
:—/pﬁ)~8tt§+/p0ﬁ)~§+/ n-o-w
v v oV

The volume integral containing the stress tensor can be written either as

/V@ o= /wi/j [ (g5 3308) + M) =
14 \%4

= / pwiy; (175 + 8500) + / AW; 38k
v Vv
or
/v % (Vio+ Vi) : o = /V % (i +wyi) [ (sig5 4 88) + Asipdi] =
= /V % (wigj +wjpi) (8175 + 85) + /VA“’J'/J'S’C/’“
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The weak formulation of the Navier-Cauchy equations reads

2 2

Vi VTH \V& VTH -
[oo-ogs [ 230 AN (a9 a9 se [ aas= [ paeg [ 0d [ 6
\4 v Vv S 14 S

for Vi € ..., and with § = S for 7 € Sp.

R
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TWENTYTWO

NAVIER-STOKES EQUATIONS

Incompressible Navier-Stokes equations read

pdyii + p (i - V)i — pV2i + VP = p§
V.i=0.

Mass balance equation is replaced by the incompressiblity kinematic constraint, V - 4 = 0: this constraint is not dynamic,
as time derivative of density does not appear in the equation. With the incompressibility constraint, mass equation tells
us that material particles keep their density constant,

Dp

0=0p+u-Vp+pV -tu=—,
—— = D

_Dp
~— Dt

—

whose solution can be written using material coordinates 7, as p(7(7,t),t) = po (¥, t).

22.1 Incompressibility constraint

Incompressibility constraint makes thermodynamic fade, while pressure field is replaced by/contains the contribution of
a Lagrangian multiplier related to the incompressiblity constraint.

22.1.1 Wave-vector transformed space

Transforming the fields from physical space to the wave-vector space (%, t) = F {u(7, t)}, Navier-Stokes equations for
incompressible fluids with uniform and constant density p(7,t) = p becomes

pdyi+ F {(@- V) i} + plR|* + ikP = p§
ik-0=0.

Taking the divergence of the momentum balance equation, i.e. taking the scalar product with i in the transformed space,
and using the incompressibility constraint to set ik - & = 0,

iR F{(i-V)i}—|R2P = iR - pg

so that the transformed pressure field becomes
~ iR

P:W'ff{(ﬁ'v)a—ﬂﬁ},

Replacing this expression in the transformed Navier-Stokes equations, the meaning of the pressure field as a Lagrange
multiplier associated with incompressibility constraint becomes clear,

} (i V)i + pd}

——

| FR

POyt + plR[*i = [ 7|2

%] onto the space of divergence-free functions acts on the non-linear and forcing terms.

i
K|

as the orthogonal projector [1 —
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22.2 Weak formulation of the problem

0:/171-[patﬁ+p(ﬁ~V)ﬁ—2,uV-[D(ﬁ)—i—VP—pﬁ]—/UV~7§:

v v

:/ﬁ)-[patﬁ+p(ﬁ~V)ﬁ]+/2uVﬁ1:D—/V-@P—/ﬂ)~p§—/vV-ii—/ n-(S—Pl)-w,
v v % v v oV

22.2.1 Weak formulation and incompressibility constraint

(7o, 1) = 7(q(t), 1)
Dr_ or  or
Dt 19q " Bt

a:

. . > 9F _ Ou
In the weak formulation, using w = 5q = o4

D R
0:/ﬁ;-p—“+/2ww:D—/V-@P—/pw.g—/uv-a—/ tw,
Vv Dt \%4 \%4 1% \%4 oV

ou Du
av = = =
/Vw th /poa Dt

ou D (or\ . .
Pojt (87 )dVo/v Po oy (@)'Udvo*
2

22.3 Non-linear term

Different ways to treat the non-linear term:

» Semi-linear approximation of the non-linear term
(@(r, ") - V)u(r,t") ~ (u(7, ") - V)a(r, "),

with 4*(7,¢™) an approximation of %(7,¢") involving values of the velocity field at previous time-steps, as an
example

(717 u(r, tnt) 15t-order
U 7‘7 = — = — — = —
20 (7, ") — (7, t""2)  2"?-order
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TWENTYTHREE

ARBITRARY LAGRANGIAN-EULERIAN DESCRIPTION

Reynold’s transport theorem allows for the formulation of intergal equations, and grid-based methods like FVM, on
moving grids and changing domains. Rules for derivatives of composite functions provide the relations between time
derivatives in a Lagrangian, Eulerian, or arbitrary description,

or) _ o1

otl;, — ot _tavs
of| _ af| . .
E —E;Jrube

b
Equations governing the motion of the grid are usually required as well. E.g.:
¢ known and prescribed motion of the grid;
¢ boundary conditions only without changing grids (for small displacements)
* pseudo-elastic deformation (usually good for small strain and displacement;

« for large displacements of/or models with complex geometry, sliding and/or overlapping grids could an option for
grid-based methods.

23.1 Integral problem

Application of Reynolds theorem to the balance equation of the quantity u for a material volume V;

d .
—/,ou:/pf—kyg n-T.
dt Jy, v, ov,

provides the expression of the balance equation for a geometrical volume v, in arbitrary motion,

d . .
—/pu—k?g pu(ﬁ—ﬂb)~n:/pf+7§ n-T.
dt vy vy vy Oy

Here, the integral forulation of the problem will be applied to each element of the grid in arbitrary motion, for domains
with variable geometry.
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23.2 Differential problem

Rules for derivatives of composite functions allows to write the differential w.r.t. the variables associated with the points
of a moving grid. A balance equation in convective form can be written as

— =pf4+V.-T
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CHAPTER
TWENTYFOUR

INTRODUCTION TO NUMERICAL METHODS FOR PDES

Different numerical methods for PDEs rely on the discretization of different formulations of the continunuos problems.
As an example,

* FDM, Finite difference methods rely on the approximation of derivatives of the strong formulation of the
problem

» FEM, Finite element methods rely on a finite dimensional approximation of the weak formulation of the problem;
usually the finite dimensional approximation can be interpreted as a projection of a infinite dimensional continuous
problem onto a finite dimensional space, the space of the choosen finite elements

» FVM, Finite volume methods rely on an approximation of the integral formulation of the problem

* BEM, Boundary elemement methods rely on an approximation of a boundary integral formulation of the
problem, when it’s feasible and convenient

e ...spectral methods, spectral element methods,. ..
Characteristics.
* grid: domain-grid-based, buondary-grid-based, grid-free methods

 range of interaction: short in physical space for FDV, FEM, FVM; long-range for boundary element methods,
even though clustering techniques are available, like FMM; (usually) over the whole domain in space, short-range
interaction in wave-number space for spectral methods;

Pros and cons. More suited methods for each problems...; domain, order,...

Let’s take Poisson equations for a scalar function w(7*) to show all the possible approaches above. Here we start from
the most general version of the equation, namely the integral form. As it’s shown in Continuum Mechanics:Governing
Equations, the most general form of balance equations is the integral form, while the differential form can be seamlessly
derived only when the quantities involved are regular enough, to apply Stokes’ theorem and for the derivatives appearing
to exist.

The problem of interest can be interpreted as the problem of finding the temperature field «(7*) during steady heat con-
duction in the domain €, with distributed volume heat source f (7). Fourier’s law assume that condcution heat flux is
proportional to the gradient of the temperature, § = —kVu. Temperature is prescribed, © = g on the region of the
boundary S, while the heat flux is prescribed 72 - ¢ = h on the region of the boundary Sy .

The integral formulation of the problem for all the boundary reads

oz—f ﬁ-cj+/f. 24.1)
o0Q Q

Example 24.1 (Finite volume methods)
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Finite volume methods rely on a tassellation of the domain 2 = U, €2, to write and solve the integral balance equation

(24.1) for all the elemantary domain €2;,.
0:_7§ ﬁ~zj+/f. (24.2)
20 Q

k k

evaluating volume integrals with the internal variables of the cell 2., and boundary flux with the variables of the cell 2,
and the neighbouring cells 2, € B,. Introducing the definition of numerical flux F}; (u,, u;) at the interface between a
generic discrete version of the balance equation (24.2) for the k' element becomes

Z i (g ug) + Si(uy)

Q,eBy,

Different numerical methods differs in the evaluation of fluxes and sources. FVM is conservative as it evaluate flux at
interfaces and then distribute it to neighoring cells, see Property 24.2.1. A rough elementwise-uniform variable with jump
at interfaces and diffusive flux,

i

F‘k == —A,ka dik 5

(2

with d;;, equal to the distance of the centers of elements ¢ and k, leads to the balance equation for the internal volume €2,
0= Z A kL Ly

Volumes at the boundary are influenced by fluxes at the boundaries and boundary conditions in general.
For regular cubic mesh, A;;, = Az, d;;, = Ax, V,, = Az, and thus the equations for internal elements become

o_kZ“ Tk f

S %

where the summation is exactly equal to the center-difference stencil for the Laplacian, used in finite difference method
Example 24.2.

If fields are regular enough to apply Stokes’ theorem, it’s possible to derive differential problem from the integral

formulation,
0=—¢ wq+ [r=—[veas [ 1= [veq4p)
oV v v v v

Exploiting the arbitrariety of the volume V, the strong form of the differential problem is the Poisson equation with
suitable boundary conditions,

V- (kVu)=f(#), 7€V
=g(7), 7€ Sp
?zVuzh(r) eSSy

only holds in regions of the domain where the functions involved are continuous and differentiable, i.e. everything written
in the problem is not meaningful, i.e. at least it exists.

Example 24.2 (Finite difference methods)

Finite different method approximates the strong form of the problem, building a stencil to evaluate an approximation of
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the Laplacian. On a cubic regular grid (Az = Ay = Az), the Laplacian van be evaluated with a 7-point stencil

2, _ —
Viu = 9,,u+ 0y u+0,,u=

Wik = 2 Uik L Uik~ 2k + Uy gk L Uikt 2u 6 + U

Ax? Ay? Az?
= Az 76U Ui gk T Uit Y Uik T g+ g ] =
1
=— E U; — U
2 ( i k)
Az ieB,,

and it’s equal to the same expression already provided for the rough finite volume method with regular grid, in Example
24.1

Starting from strong formulation of the differential problem, the weak formulation of the problem is derived:
* multiplying the strong problem by an arbitrary test function w(7) compatible with the essential constraints

* integrating over the whole domain
= [ w(?) [-V - (kVu) — f(F)] =
0= [ w17 - (550 - 1)
- / (K w(F) - Vu®) — w(i) f(7)} — 75 W®A-Vu V).
v

oV
Using a test function w(7') equal to zero on the boundary where essential boundary conditions are prescribed w| s =0
D
and introducing the natural boundary conditions of the Neumann boundary Sy, 7 - Vu| s, =h
N

/kVquuz/u}f—i—/ wh, Yw
1% 1% s

N

compatible with essential boundary conditions.

Example 24.3 (Finite element methods)
Finite element methods build an /N-dimensional systems:

* approximating the solution as a linear combination of N base functions, u(7*) = Zj ¢;(F)u;

* testing the equation over N independent test functions 1, (7)

i.e. the i'" equation becomes

/Vkvwi@)'w)j(?) “jz/wi(?)er/ ¥, (F)h

v Sx

or briefly

A common choice uses the same functions both as test and base functions, ©,(7) = ¢, (7).

The differential problem in strong form can be recast as a boundary element problem exploiting the properties of Green’s
functions G(7; 7). The expression of Green's function G(7',7) is known for some problems of interest like Poisson
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equation, Helmholtz equation or wave equation. Exploiting the properties of Green’s function and integration by parts,
the integral buondary problem is derived as follow

__ 7§ WPAF) - V(7 dS + ¢ G Fy)R(F) - Vu(F) dS — / G V) dV =

redV redV

= —7{ w(P)n(7) - VG (7 7) dS + G (7 79)n(7) - Vu(r) dS +/ G(r 7o) f(7)dV .
redV reV

redV

It must be paid attention that the integrals may be singular and may produce discontintuities in the fields across the
surface V' (so what’s the value of a field in presence of a discontinuity?...virtual singularities, regularization close to the
singularities...one way to correctly interpret them is via Cauchy principal value... evaluating some integrals in a check-point
Just inside or outside the domain may make the value of the function E (V) change, but the integral involving n - VG -
related to the solid angle seen by the check-point of the surface - changes accordingly and keep the sum of these two terms
constant=.

The value of the unknown function or the flux 7 - Vu are known on the Dirichlet and Neumann regions of the boundary
respectively, and so the integro-differential problem becomes

E(T"O)u(?o)Jr/ uﬁoVGdS—/ Gﬁ.vudsz/ gﬁ'VGdS—/ Ghd5+/ GfdV

Sn Sp Sp Sn FeV

The unknown function is approximated on the boundary of the domain OV as an /N-dimensional approximation, as an
example

u@®) =Y ¢, ,  FeV,
J

and the integro-differential equation is evaluated in IV different points 7 ; in order to get a IV, N linear equation in the
amplitudes U of the base functions,

24.1 Finite Element Method

24.2 Finite Volume Method

Property 24.2.1

Evaluate flux on interfaces between cells, and distribute between neighboring cells.
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24.3 Boundary Element Method

24.3. Boundary Element Method 127
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CHAPTER
TWENTYFIVE

GREEN’S FUNCTION METHOD

25.1 Poisson equation

General Poisson’s problem
with common boundary conditions

over Dirichlet and Neumann regions of the boundary.

Poisson’s problem for Green’s function, in infinite domain
*V?G(r; ry) = o(r —rp)
Green’s function method

E(rg, )1y (k. 1) = / (1, 1)5(r — 1) =

JreQ)

_ / uy(r, ) V2G(r — xy) =
re

= —/ vV, (v;V,G—GV,u,;) —/ GViu,; =
re) reQ

——f B @WVG-GYa)+ [ Gronfn).
rcof reQ

An integro-differential boundary problem can be written using boundary conditions. As an example, using Dirichlet and
Neumann boundary conditions, the integro-differential problem reads

E(ry, t)u(ry,t) + / u(r,t)n-V,.G(r—ry) — G(r—ry)n-Va(r,t) =

reSy reSp

. / gt )i V,Gr—ro)+ [ Glr—ro)h(r.t) + / G(r —ro) f(r. 1)
reSp reQ

reSy
Green’s function of the Poisson-Laplace equation reads

1 1

Griry) = — ——— .
(l', rO) A |I'*l'0|
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Green’s function of the Laplace equation
—V2G =0  forr#r,
Solutions with spherical symmetry,

1 :
0=V3G=— (?¢) — G(r)=

A A
r r2

Choosing B = 0s.t. G(r) — 0 as r — oo, and integrating over a sphere centered in » = 0 to get A = —ﬁ,

- . A
1:/5(7‘):—/V2G:—7§ n~VG:—7§ rr—o =—4rA
v v ov oV r

25.2 Helmholtz equation

todo from Fourier to Laplace trasnform in the first lines of this section
A Helmholtz’s equation can be thouoght as the time Fourier transform of a wave equation,

Cizattu(r, 1) — V2u(r,t) = £(r, 1)

+ b.c.

+1i.c.,

Fourier transform in time of field u(r, ¢) reads
+o0 ]
fi(r,w) = F{u(r,£)} = / u(r, £)e-t du
t=—00
and, if u(r, t) is compact in time, Fourier transform of its time partial derivatives read
+o0 )
T, )} = / a(r, £)e—it duy =
t=—00

400
= u(r, t)efm|:_oo + iw/ u(r,t)e “dw =
= t=—00
= wF{u(r,t)}
F{ou(r,t)} = (iw)"a.
The differential problem in the transformed domain thus reads

2

w” ~ =
——u—-Via=f
2
Green’s function of Helmholtz’e equation reads
slr—rg| _ slr=rg|
e c (& c
G(r,s) = at -

+ «
L Ir —rg

1

. + - _
with o™ + « = 1=

Being the Laplace transform,

400

Crwy=[ e,

t=0
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the Laplace transform of a causal function with time delay 7 > 0 reads

+oo +oo +o0

L{ft—1)} = ft —7)e stdt = (2)e 37 dy = =57 / f(x)e%2dz =57 L{f(t)}
t=0" Z2=—T z=0
having used causality f(¢) = 0 for ¢ < 0. Laplace transform of Dirac’s delta 6(¢) reads
+o0
L{6(t)} = / f(t)ydt=1,
t=0-

sothate ™ = e %71 = L{6(t — 7)}.

Thus, Green’s function for the wave equation reads

(et )

L0 (t—to+ ) e

G(r,t;ry, ty) = «
Ir — g L

If t > ty, and G(r, t;r, t,) connects the past ¢, with the future ¢, the first term is not causal, and thus o = 0 and

[r—ro|
16 (t—to— o)
G(r,t;ry, ty) = e | .
0

Green’s function of Helmholtz’s equation

S2
3G — VG =4(r)

aekr + Be—kr
T

G(r) =
Proof:

¢ Gradient

_ kr _ _ —kr
VG(r) = 0 G:f_a(kr 1e —|—T§( kr—1)e

 Laplacian

V2C(r) = 4 (r2C() =

r2
1 /
= = (a(kr —1)e*F" + B(—kr — 1)eFr) =
r
1
= (ake’” + ak’refT — ake* — Bke " + Bk2re R + ﬁkefk’”) =
r

= % (ceh™ + Be ) k2 = K2G(r) .

and thus kG (r) — V2G = 0, for r # 0;

1:/‘/6(r):/‘/(kQG—V2G):/Vk2G—7§Vﬁ~VG

the second term is the sum of two contributions of the form

R + kr—1 +kr
74 n-VG* = % o (£hr — L)e = dra* (+kr — 1)ekr
oV oV

* Unity

r2
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the first term is the sum of two contributions of the form

i ikr
k.Q/G _kZ/ _
2T o+kR
:k;?ai/ / / RZsin¢dR dpdo =
R=0 Y¢=0

= k2a* 47r/ RetkB (R .
R=0

the last integral can be evaluated with integration by parts

T 1 1 (s
/ RexFEJR = [—eikRR} F - / etFR R =
R=0 +k r=0 k¥ Jroo

Thus summing everything together,

1 1
1=at [47Tk2 (%e’” — ﬁe’" + ﬁ) —4m (kr—1) ekr} +a [...]=

=dr(at+a7) .

25.3 Wave equation

Wave equation general problem

1
Cizattu(n t) - V2u(r, t) = f(l‘, t)

+b.c.
+1i.c.

Green’s problem of the wave equation
1
cﬁﬁttG(r, tiry, to) — V2G(r,t;ry, ty) = 6(r —1y)0(t — ;)

Integration by parts

B(r,to)u(ry.t,) = / ) / 8t ta)olr w1 =

1
- ZT / . {07 [0, (w9,G — G,u) + Gd,u] — V, - (V,Gu— GV,u) — GVEu} _
S re

ty
4
to

+LT7£@V ) VG tirg, ) u(r 6) + G(r g, £,) B(r 1) - Vou(r, 1)} +

+f [ o t,ra,m{laﬁu(r - Vaulr,o) |
teT JreV

=f(r,t)
5 (t—t, + rral _
[ ] L e - | e
teT JreV dm r— ra| reVNB)_r, |<c(t 47T‘r - ra| ¢
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